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Letter from the Editor

Susan Jane Colley

This issue of the MONTHLY signals not just the beginning of a new year, but also the
quinquennial changing of the guard as a new Editorial Board is seated, including me
as new Editor. I have been working through 2016 mostly behind the scenes as Editor-
Elect; now it is time for me to thank everyone who has facilitated my transition and to
look forward to the next five years.

Let me begin by expressing appreciation to Oberlin College and its Department of
Mathematics for enabling me to undertake this new assignment. I offer my sincere
gratitude to my immediate predecessor, Scott Chapman. Scott has done an outstand-
ing job of maintaining the character and quality of the MONTHLY while also adjust-
ing to the challenges of moving the administration of manuscript submission to an
online platform. His mathematical and expository standards, decisiveness, efficiency,
and attention to detail serve as models for me. Moreover, he has been a most patient
tutor, generous with advice while still enabling me to find my own path.

The MONTHLY is very fortunate to have Bonnie Ponce as Managing Editor. Full
of positive energy, Bonnie has shepherded me through learning the mechanics of the
(sometimes daunting) day-to-day business of the journal. I am delighted to be working
with her and appreciate her constant, capable support.

The MONTHLY’s new Editorial Board of 38 members contains many familiar faces,
as well as twelve new ones (well, thirteen, counting me). I am grateful to have so many
experienced Associate Editors on the Board, including several former MONTHLY Edi-
tors, but I feel the loss of Jonathan Borwein (who unexpectedly passed away last
August) very keenly, even though we worked together for just a few months. Overall,
fifteen different MAA sections are represented by the new Board. The new Board is
diverse both mathematically and otherwise, and I look to its members to help maintain
the MONTHLY’s liveliness and appeal.

Other changes that begin with this volume of the MONTHLY include a new Notes
Editor, Vadim Ponomarenko, succeeding Sergei Tabachnikov, a new Book Review
Editor, Jason Rosenhouse (who wrote this month’s column), succeeding Jeffrey
Nunemacher, and a new coordinating Problem Section Editor, Daniel Ullman, who
joins Gerald Edgar and Douglas West and succeeds Doug Hensley. Actually Dan is
not new to this task, having served in this capacity from 1997 to 2002. What is new for
the Problem Section is that submission of both problem proposals and solutions are
now handled through an online system. Of course, these incoming editors have also
been hard at work throughout 2016. I thank Sergei, Jeff, and Doug for their special
service and long-time dedication to the MONTHLY, and for their roles in ensuring
smooth transitions as the incoming editors begin their work.

What I do not intend to change is the MONTHLY’s reputation for offering stimulat-
ing and novel mathematical ideas and results with the highest standards for exposition.
Ideally, every item appearing in the MONTHLY should inform every reader—not only
the area experts—with a good mathematical story. To uphold that tradition, we rely
on you, the members of the mathematical community, to provide us with the engaging
manuscripts that have made the MONTHLY such a distinctive and valued publication.
I hope to prove a worthy steward of the MONTHLY and of your contributions to it.

http://dx.doi.org/10.4169/amer.math.monthly.124.1.3
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Neighbors of Knots in the Gordian Graph

Ryan Blair, Marion Campisi, Jesse Johnson, Scott A. Taylor, and
Maggy Tomova

Abstract. The Gordian graph is the graph with vertex set the set of knot types and edge set

consisting of pairs of knots that have a diagram wherein they differ at a single crossing. The

bridge number is a classical knot invariant that is a measure of the complexity of a knot. It

can be refined by another, recently discovered, knot invariant known as “bridge distance.” We

show, using arguments that are almost entirely elementary, that each vertex of the Gordian

graph is adjacent to a vertex having arbitrarily high bridge number and bridge distance.

1. INTRODUCTION. Understanding the effect of crossing changes on knots is a
central endeavor of knot theory. For example, each knot K can be transformed into the
unknot by changing crossings, but the minimal number u(K ) of such crossing changes
needed (the unknotting number of the knot), though venerable, is poorly understood.
Another classical knot invariant, the bridge number b(K ) (see Definition 3.2), is much
better understood. Might there be some relation between them? Sadly, some familiarity
with examples shows that they are probably unrelated. For example, a (p, q)-torus
knot (that is, a knot lying on an unknotted torus T wrapping p-times meridianally and
q times longitudinally, with p and q relatively prime) has u(K ) = (p − 1)(q − 1)/2
[13, 19], but b(K ) = min(p, q) [22, 23]. In particular, there are knots with fixed bridge
number and arbitrarily large unknotting number. On the other hand, there are also
knots (the iterated Whitehead doubles) with unknotting number equal to 1 and bridge
number arbitrarily large. These examples are all very special, so we are still left with
the questions: How might we construct knots of given unknotting number and a given
bridge number? How might we construct infinitely many knots of a given unknotting
number and a given bridge number?

The Gordian graph1 is an object that organizes knots by the effect of crossing
changes. It is the undirected graph with vertex set the set of knot types and with edge
set consisting of pairs of distinct knot types that are related by a single crossing change.
We say that a pair of knot types defining an edge are neighbors in the Gordian graph.
Thus, the neighbors of the unknot are precisely the knots K with u(K ) = 1 and, in
general, u(K ) is the minimum number of edges in an edge path in the Gordian graph
from K to the unknot.

Our main tool for studying the distribution of bridge numbers in the Gordian graph
is a relatively new, but very powerful, natural number knot invariant known as bridge

distance. The bridge distance of a knot K is denoted d(K ) (see Definition 3.6). It is an
invariant that allows us to distinguish between knots having the same bridge number
and is larger the more complicated a knot is. Since the unknotting number is also a
measure of the complexity of a knot, we might hope that there is some connection
between the unknotting number and bridge distance. We prove, however, that this is
not the case.

1The name pays homage to the well-known story of Alexander the Great slicing the Gordian knot.
http://dx.doi.org/10.4169/amer.math.monthly.124.1.4
MSC: Primary 57M25, Secondary 57M27
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Theorem 1.1. For every knot K and every (b, n) ∈ N2 with b ≥ max(3, b(K )), there

exists a knot K ′ differing from K by a single crossing change such that b(K ′) = b and

d(K ′) ≥ n.

In particular, every knot has neighbors in the Gordian graph of arbitrarily high
bridge number and arbitrarily high bridge distance.

Notation, terminology, and conventions. If X is a topological space, then |X | will
denote the number of connected components of X . If X is a manifold with boundary,
then ∂ X denotes its (possibly empty) boundary.

Given topological spaces X and Y and a function f : X → Y that is a homeomor-
phism onto its image, an isotopy of f is a continuous function F : X × [0, 1] → Y

such that, for every x ∈ X , F(x, 0) = f (x) and for every t ∈ [0, 1], the function
f (·, t) : X → Y is a homeomorphism onto its image. If X is a subspace of Y , then
an isotopy of X in Y is an isotopy of the inclusion map. The isotopy is an ambient

isotopy if it can be extended to an isotopy of Y in itself. All of the isotopies of sub-
spaces appearing in this paper will be ambient isotopies (and the spaces X and Y will
be clear from the context), so for simplicity, we will simply refer to ambient isotopies
as isotopies. If X and Y are both manifolds and if X ⊂ Y , we say that X is properly

embedded in Y if it is a submanifold of Y and if X ∩ ∂Y = ∂ X . An isotopy of X is
a proper isotopy if X is properly embedded in Y at each point of time. The isotopy is
relative to ∂ X if, for every t , we have f (∂ X, t) = ∂ X .

A knot is a smooth simple closed curve embedded in S3 = R3 ∪ {∞}, and a link is
the union of one or more pairwise disjoint knots. Two links are equivalent if there is an
(ambient) isotopy taking one to the other. This is an equivalence relation on links and
a link’s equivalence class is known as its type. A knot invariant is an algebraic object
(e.g., a number, vector space, polynomial, or group) associated to knot types. The knot
invariants in this paper will all be functions from a subset of the set of knot types to
the integers.

In this paper, a surface will always be the result of removing a finite set (possibly
the empty set) of points from the interior of a compact, orientable two-dimensional
manifold F . We will call the points removed from F punctures. If the surface is a
subset of S3, then we will assume that it is smooth.

If X and Y are two surfaces in S3, two smooth simple closed curves in a surface,
or a surface and a knot in S3, then we will always assume that X and Y intersect
transversally. This implies that they have no points of tangency, and the intersection
X ∩ Y is a compact submanifold of the appropriate dimension. (If X and Y are surfaces
in S3, then X ∩ Y is the union of finitely many simple closed curves; if X and Y are
simple closed curves in a surface, then X ∩ Y is the union of finitely many points; if X

is a surface and Y is a knot in S3, then X ∩ Y is also the union of finitely many points.)
If Y is a subsurface of X , we will let X \ Y denote the complement of the interior of
Y so that X \ Y is either empty or is a surface.

An arc α in a surface F is a compact, properly embedded, connected, smooth
1-manifold with nonempty boundary (necessarily homeomorphic to the interval
[0, 1]). A curve in F is a smooth simple closed curve in F disjoint from ∂ F . If
α and β are arcs or curves on a surface F , we let i(α, β) denote the minimum of
|α′ ∩ β ′|, where α′ and β ′ range over all arcs or simple closed curves that are (ambi-
ently) isotopic in F to α and β, respectively, and that are transverse to each other.
Suppose that α and β are the unions of arcs and curves in a surface F that intersect
transversally. We say that α and β intersect minimally, if for each component α′ ⊂ α

and β ′ ⊂ β, we have |α′ ∩ β ′| = i(α′, β ′).
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Finally, throughout the paper, we will use without comment basic facts about simple
closed curves on surfaces. The paper [6] and the book [7] are good sources for these
facts. For example, we will use the (smooth) Schönflies theorem, which states that
every simple closed curve on a sphere bounds a disk on both sides. One other fact
deserves particular attention (see [7, Lemma 3.3]): if γ1, . . . , γn are curves or arcs
in a surface F that pairwise intersect minimally and if γn+1 is another curve or arc,
then there is an (ambient) isotopy of γn+1 in F so that γn+1 is transverse to each of
γ1, . . . , γn and intersects them each minimally.

2. CROSSING CHANGES. Changing a crossing is one of the most basic methods
of changing the knot type of a knot K . One way of specifying a crossing change of K

is to choose some diagram for K (not necessarily a diagram with the fewest possible
crossings), choose a crossing in the diagram, and reverse the over and under strands,
as on the left in Figure 1. Equivalently, on the right in Figure 1, we may choose a
diagram of K in which there are two parallel strands, then pull one strand over the
other, introducing two crossings, and finally, we reverse the over, under strands of one
of the crossings. For more details on crossing changes in diagrams, see [1, Section 3.1].

Figure 1. On the left is a typical local picture of a crossing change. On the right is a different diagrammatic

depiction of a crossing change.

As intuitive as these diagrammatic descriptions are, a definition of crossing change
that allows the knot to remain in three-dimensional space will be more useful to us.

Definition 2.1. Suppose that K ⊂ S3 is a knot. A crossing disk for K is a smoothly
embedded disk D ⊂ S3, such that D intersects K transversally in precisely two interior
points of the disk. The boundary of the disk is called a crossing link for K . A crossing

change on K using D is a smooth homeomorphism h : S3 → S3 obtained (informally)
by cutting S3 open along D, twisting one of the resulting copies of D by 2π , and then
regluing, as in Figure 2. This converts the knot K into a knot K ′, which we say is
obtained by a (topological) crossing change on K using D. Clearly, K ′ may have a
different type from K .

A crossing change is a specific instance of “Dehn surgery” — a popular and well-
studied operation in low-dimensional topology. In particular, a crossing change is a
±1 Dehn surgery on the crossing link for K . See, for example, [20, Chapter 9].

There are two possible choices for twisting the disk D before regluing. Typically,
one of them is called a +1 crossing change along D, and the other is a −1 crossing
change. Given an orientation of the crossing disk, there is an established convention
for determining which is which, but we will not need it for this paper. It turns out that
the knot type of K ′ depends only on the link type of K ∪ ∂ D and the direction of
the twist. Finally, each topological crossing change can be realized as a diagrammatic
crossing change and vice versa (see, for example, the discussion on [1, page 58]).

6 c© THE MATHEMATICAL ASSOCIATION OF AMERICA [Monthly 124



Figure 2. A crossing change effected by twisting about a disk.

3. BRIDGE SPHERES.

Basic definitions and properties. Informally, a bridge sphere is a sphere that cuts a
knot into unknotted pieces. To formalize this, we need need to define trivial tangles.

Definition 3.1. A trivial tangle (B, κ) is a 3-ball B containing properly embedded
arcs κ such that, fixing the endpoints of κ , we may isotope κ into ∂ B. We also say that
the arcs κ are unknotted in B. Figure 3 shows a prototypical trivial tangle with |κ| = 3.

Figure 3. A trivial tangle (B, κ) with |κ| = 3. The arcs κ are drawn with a thicker line.

It is not difficult to see that if (B, κ) and (B ′, κ ′) are both trivial tangles with
|κ| = |κ ′|, then there is a homeomorphism of pairs (B, κ) → (B ′, κ ′). Thus, if (B, κ)

and (B ′, κ ′) are both trivial tangles with |κ| = |κ ′|, we may construct a knot or link K

in S3 by choosing a homeomorphism of pairs

h : (∂ B, ∂κ) → (∂ B ′, ∂κ ′)

and then use the homeomorphism to glue the boundaries of the 3-balls and the arcs
together:

(S3, K ) = (B ∪h B ′, κ ∪h κ ′).

It turns out that every knot type in S3 can be built in such a way. The bridge number
of a knot type is, essentially, just the minimum number of arcs in a trivial tangle needed
to make this construction work. For a different perspective on bridge number, see
[1, Section 3.2].
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Definition 3.2. Let K ⊂ S3 be a knot. A bridge sphere P ⊂ S3 for K is a 2-sphere
transverse to K and separating S3 into two 3-balls, B1 and B2, such that (B1, K ∩

B1) and (B2, K ∩ B2) are both trivial tangles. We consider the points K ∩ P to be
punctures on P (obfuscating the difference between P and P \ K ). We also say that
(K , P) is a bridge position for K .

We arbitrarily choose one of B1 or B2 to be called the side “above” P and the other
to be the side “below” P . Two bridge positions (K , P) and (J, Q) are isotopically

equivalent if there is an isotopy of S3 that takes K to J and P to Q. The bridge

number of (K , P) is b(K , P) = |P ∩ K |/2. The bridge number of K is

b(K ) = min
P

{b(K , P) : P is a bridge sphere for K }.

A bridge position (K , P) with b(K , P) = b(K ) is said to be a minimal bridge position

with P a minimal bridge surface.

The bridge number b(K ) of K is an important and useful knot invariant. In particu-
lar, if J and K are knots representing the same knot type, then b(J ) = b(K ). It is not
hard to see from the definition that, if K has a planar diagram with c crossings, then
b(K ) ≤ c. More significantly, K is the unknot if and only if b(K ) = 1.

One of the reasons we need to define b(K ) as a minimum is that, if a knot has
a bridge position (K , P), then we can create another bridge position (K , Q), with
b(K , Q) = b(K , P) + 1. We isotope P , outside a neighborhood of the punctures, to a
sphere Q so that a small disk of P passes through K in such a way that the strands of
Q \ K are still unknotted, as in Figure 4. We say that (K , Q) (and any bridge position
isotopically equivalent to (K , Q)) is a perturbation of (K , P).

P

K

Q

K

P

K

Q

K

Figure 4. The top row shows a perturbation of a bridge sphere P . If we fix P and isotope the knot, we have

the result shown in the bottom row.

Although there are evidently many ways of perturbing a bridge sphere P , it turns
out that any two perturbations of (K , P) are isotopically equivalent.

Given a diagram for K , it is straightforward to find an upper bound for b(K ). Find-
ing a lower bound for b(K ) is not nearly as easy. For instance, there are knots [11]
with unperturbed nonminimal bridge spheres. The introduction of another invariant,
the bridge distance of a knot, will provide us the needed lower bound.
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The curve complex and bridge distance. To define the bridge distance of a knot,
we make a temporary detour from knot theory and turn to one of the most important
constructions in the study of surfaces: the curve complex. For basic results concerning
the curve complex, we refer to the marvelous text by Farb and Margalit [7].

Let P be a surface (possibly with punctures). A curve γ ⊂ P is essential if it does
not bound a disk in P containing no punctures or exactly one puncture and does not
cobound an annulus with a component of ∂ P . Two essential arcs or curves γ and γ ′

in P are in the same isotopy class if there is an ambient isotopy of the surface P that
takes γ to γ ′. If γ and γ ′ are arcs, we require that the isotopy be a proper isotopy. We
let [γ ] denote the isotopy class of the curve γ .

Let C(P) (the curve complex of P) be the graph whose vertex set is the set of iso-
topy classes of essential curves on P and whose edge set consists of pairs ([α], [β]) of
distinct isotopy classes such that i(α, β) = 0. If P is a sphere with three or fewer punc-
tures, then C(P) is empty. If P is a four-punctured sphere or a torus with no punctures,
then C(P) has countably many vertices and no edges. Otherwise, C(P) is infinite and
connected (as shown by Lickorish [7, Theorem 4.3]). Henceforth, we only consider
such surfaces. We turn C(P) into a metric space with metric d by declaring each edge
to have length one. Thus, if γ and γ ′ are essential curves in P and if d([γ ], [γ ′]) = k,
then there is a list of essential curves

γ = γ0, γ1, . . . , γk = γ ′

such that for each i ∈ {1, . . . , k} the curves γi−1 and γi can be isotoped to be disjoint.
Figure 5 shows a path of length 2 in the curve complex of a six-punctured sphere.

γ0

γ1

γ2

Figure 5. The sequence [γ0], [γ1], [γ2] is a path of length 2 in the curve complex of a six-punctured sphere.

More generally, if A and B are subsets of the vertex set of C(P), then we define
d(A, B) to be the infimum of d(a, b) over all vertices a ∈ A and b ∈ B. If A ∩ B �= ∅,
then d(A, B) = 0. Otherwise, if A ∩ B = ∅, then the distance d(A, B) is a natural
number. We also remark that any homeomorphism h : P → P induces a graph iso-
morphism h∗ : C(P) → C(P). Indeed, the curve complex is one of the principal tools
for studying surface automorphisms.

If (B, κ) is a trivial tangle with P = ∂ B \ κ , we will be especially interested in the
disk set D ⊂ C(P). This is the subset of the vertices of C(P) that can be represented by
curves in P bounding properly embedded disks in B \ κ . Note that if (B, κ) is a trivial
tangle and if h : (B, κ) → (B, κ) is a homeomorphism of pairs, then the restriction
of h to P induces a graph isomorphism of C(P) that takes D to itself. If (K , P) is a
bridge position, there are disk sets for the trivial tangles on either side of P . We denote
the disk set for the tangle above P by U(K , P) (or just U if the context makes the
bridge position clear), and the disk set for the tangle below P by L(K , P) (or just L).
The sets U and L are the disk sets for the bridge position (K , P).

We come now to the central tool of this paper.

Definition 3.3. The distance of a bridge position (K , P) with b(K , P) ≥ 3 is

d(K , P) = d(U ,L),
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where the distance on the right is the distance in the curve complex for P between the
disk sets for (K , P).

Remark. If (K , P) and (J, Q) are isotopically equivalent bridge positions by an iso-
topy h : S3 → S3, then h induces a graph isomorphism C(P) → C(Q). If, addition-
ally, h takes the side above P to the side above Q (and, of course, the side below
P to the side below Q), then the induced graph isomorphism also takes U(K , P) to
U(J, Q) and L(K , P) to L(J, Q). In particular, if (K , P) and (J, Q) are isotopically
equivalent, then d(K , P) = d(J, Q).

One of the central theorems concerning bridge distance is provided by Tomova [24,
Theorem 10.3].

Theorem 3.4 (Bridge number bounds distance). Suppose that (K , P) and (K , Q)

are bridge positions for a knot K ⊂ S3 such that (K , Q) is not obtained from (K , P)

by a (possibly empty) sequence of perturbations. Then

d(K , P) ≤ 2b(K , Q).

This has the following helpful corollary.

Corollary 3.5 (see [24, Corollary 10.6]). If (K , P) is a bridge position and

d(K , P) > 2b(K , P),

then b(K ) = b(K , P) and (K , P) is the unique minimal bridge position for K .

From Theorem 3.4, it also follows that for a knot K ⊂ S3, the set

{d(K , P) : (K , P) is a bridge position}

is finite. Thus, we can finally define our knot invariant.

Definition 3.6. The bridge distance of a knot K ⊂ S3 with b(K ) ≥ 3 is

d(K ) = max
P

{d(K , P) : (K , P) is a bridge position and b(K , P) = b(K )}.

We can also obtain a knot invariant by replacing the maximum with a minimum.
We choose the maximum as the existence of a high distance bridge sphere for a knot
has strong implications for the topological properties of the knot (see, for instance [3].)
For a given knot it can be quite difficult to compute the bridge distance. It is known,
however, that knots of arbitrarily high bridge distance (for fixed bridge number) exist
[5, 11]. Johnson and Moriah [12] recently constructed a very large class of knots of
arbitrary bridge number for which the bridge distances not only go to infinity but also
can be calculated explicitly from a diagram.

4. PATHS EMANATING FROM THE DISK SET. The main challenge in proving
Theorem 1.1 is to find an appropriate twisting curve to effect the crossing change. We
will find such a curve in a bridge sphere for the knot by finding particular curves far
away (in the curve complex) from the disk sets of the knot.

The next lemma can be proved as an exercise in classical cut-and-paste topology
(or see the arXiv version of this paper [4].)
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Lemma 4.1. Let (B, κ) and (B, κ ′) be two trivial tangles with ∂κ = ∂κ ′. Let P =

∂ B \ κ = ∂ B \ κ ′. Let γ (respectively, γ ′) be an essential closed curve in P bound-

ing a disk in B \ κ (respectively, B \ κ ′). Then there is a homeomorphism of pairs

h : (B, κ) → (B, κ ′) taking γ to a curve disjoint from γ ′.

Blair, Tomova, and Yoshizawa showed that there exist curves in C(P) arbitrarily
far from a single disk set. We use this result, together with the previous lemma, to
construct curves that are far away from the disk set of a trivial tangle and that have a
specified curve in the disk set either as the closest vertex in the disk set or adjacent to
the closest vertex. This will be our starting point for finding a twisting curve.

Lemma 4.2. Let (B, κ) be a trivial tangle with P = ∂ B \ κ . Let D ⊂ C(P) be the disk

set. Choose [δ] ∈ D. Then for every N ∈ N, there exists γ ⊂ P such that d([γ ],D)

= N and d([γ ], [δ]) ≤ N + 1.

Figure 6 shows a schematic.

[γ ]

[δ ]

N

Figure 6. Finding the curve γ . The shaded region represents the disk set for (B, κ); each point in the disk set

is an essential simple closed curve in P \ κ that bounds a disk in B \ κ . The line segments represent paths in

C(P).

Proof. By [5, Cor. 4.10], there exists [ℓ′] ∈ C(P) such that d([ℓ′],D) ≥ N . Let α be
a path of length d([ℓ′],D) in C(P) from D to [ℓ′]. There is a vertex [ℓ] ∈ α such
that d([ℓ],D) = N . Choose [δ′] ∈ D to be a vertex such that d([δ′], [ℓ]) = N . By
Lemma 4.1, there is a homeomorphism h : (B, κ) → (B, κ) such that for the induced
map h∗ : C(P) → C(P) we have d(h∗[δ′], [δ]) ≤ 1. Note also that h∗(D) = D. Let
[γ ] = h∗[ℓ]. Hence,

d([γ ],D) = d([ℓ],D) = N

and, by the triangle inequality,

d([γ ], [δ]) ≤ d([γ ], h∗[δ′]) + d(h∗[δ′], [δ])
≤ d([ℓ], [δ′]) + 1
= N + 1,

as desired.

We apply this to bridge spheres to produce curves arbitrarily far from two disk sets
U and L.
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Proposition 4.3 (Finding the First Curve). Fix N ∈ N. Let (K , P) be a bridge posi-

tion for a knot K . Then there is a curve γ ⊂ P such that d([γ ],U ∪L) ≥ N. Further-

more, we may choose γ so that γ bounds a twice-punctured disk in P.

Figure 7 shows a schematic picture.

[γ]

N

Figure 7. We can find a curve γ arbitrarily far from two disk sets.

Proof. First, suppose that we find a curve γ ′ such that d([γ ′],U ∪ L) ≥ N + 1. If
γ ′ ⊂ P bounds a twice-punctured disk, then set γ = γ ′, and we are done. If it does
not, then γ ′ cuts P into two disks, each with at least three punctures. Let γ ⊂ P be
a curve in one of them bounding a twice-punctured disk in P . Then d([γ ], [γ ′]) = 1,
and so d([γ ],U ∪ L) ≥ N , as desired. Thus, it suffices to find a curve γ ′ such that
d([γ ′],U ∪ L) ≥ N + 1.

Figure 8 indicates the vertices of C(P) appearing in the construction of γ ′. By
Lemma 4.2, there is [ℓ] ∈ C(P) such that d([ℓ],U) = 3(N + 1). If d([ℓ],L) ≥ N + 1,
then by the definition of distance, we are done (after letting γ ′ = ℓ). Assume, there-
fore, that d([ℓ],L) < N + 1. Let [δ] ∈ L be a vertex such that d([δ], [ℓ]) = d([ℓ],L).
Observe that d([δ],U) ≥ 2(N + 1) + 1.

Applying Lemma 4.2 again, we may find a vertex [γ ′] ∈ C(P) such that d([γ ′],L)

= N + 1 and d([γ ′], [δ]) ∈ {N + 1, N + 2}. Consequently,

d([γ ′],U) + (N + 2) ≥ d([γ ′],U) + d([δ], [γ ′])
≥ d([δ],U)

≥ 2(N + 1) + 1.

Hence, d([γ ′],U ∪ L) ≥ N + 1, which implies d([γ ′],U ∪ L) = N + 1.

5. SUBSURFACE PROJECTIONS. A separating curve in a surface P cuts the sur-
face into two components. We will also need a version of the curve complex for those
components, which can be easily related to the curve complex for P .

Definition 5.1. Suppose that F is a surface. An arc γ ⊂ F is essential if there
does not exist an arc α ⊂ ∂ F such that α ∪ γ bounds a disk in F . The arc-and-

curve complex for F is a graph AC(F) with vertex set the set of isotopy classes
of essential arcs and loops in F and with an edge between two distinct vertices if
they have representatives that are disjoint. As we did with the curve complex, we
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[γ ′ ] 

3(N+ 1)
[δ]

N+ 1

Figure 8. Finding the curve γ ′.

make AC(F) into a metric space with metric dF by declaring each edge to have
length one. As usual, if A and B are subsets of the vertex set of AC(F), we let
dF(A, B) = min{dF(a, b) : a ∈ A, b ∈ B}.

If P is a surface and if F ⊂ P is also a surface, any simple closed curve γ in P that
is transverse to ∂ F is either contained in F , or cuts through F as a collection of arcs
(as in Figure 9), or is disjoint from F .

P

F

γ

Figure 9. The surface P is a sphere with at least four punctures, and the subsurface F is a disk with two

punctures. The curve γ intersects F in two arcs.

This observation allows us to define the so-called projection map from C(P) to
AC(F). The map is only useful for certain kinds of subsurfaces, and we want to apply
it to subsets of the vertex set of C(P) as we describe in the next definition.

Definition 5.2. Suppose that P is a punctured surface and that F ⊂ P is a connected
subsurface with ∂ F disjoint from the punctures. The subsurface F is an essential sub-

surface of P if ∂ F �= ∅ and if each component of ∂ F is an essential curve in P . If
F ⊂ P is an essential subsurface and if A is a set of vertices of C(P), then let πF(A)

denote the set of vertices of AC(F) such that for each [v] ∈ πF(A) there is a vertex
[w] ∈ A and a simple closed curve α ∈ [w] such that α intersects each component of
∂ F minimally and some component of α ∩ F is a representative of [v]. The set πF(A)

is called the subsurface projection of A onto F .

Remark. In the example from Figure 9, γ intersects ∂ F minimally. The two compo-
nents of γ ∩ F are parallel arcs and so represent the same vertex of AC(F) (which is,
in fact, the only vertex of AC(F)). Thus, πF([γ ]) is a single vertex in AC(F). If the
curve γ were disjoint from F , then πF([γ ]) would be empty.
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We use subsurface projections to define the “subsurface distance” between isotopy
classes of curves in P .

Definition 5.3. Suppose that P is a punctured surface and that F ⊂ P is an essen-
tial subsurface. Suppose that A and B are subsets of vertices of C(P). If either
πF(A) or πF(B) is empty, then define dF(A, B) = ∞. Otherwise, we let dF(A, B)

= dF(πF(A), πF(B)). Similarly, we let diamF(A) denote the diameter of the set
πF(A). That is, the supremum (which may be ±∞) of {dF(v, w) : v, w ∈ πF(A)}.

The following lemma shows a very useful relationship between distance in C(P)

and subsurface distance. We will use it many times in what follows.

Lemma 5.4. Suppose that P is a sphere with at least six punctures. Let F ⊂ P be an

essential subsurface, and let A, B ⊂ C(P). Then one of the following occurs:

• dF(A, B) ≤ d(A, B);

• every minimal length path in C(P) from A to B includes the isotopy class of a

simple closed curve disjoint from F.

Proof. If either πF(A) or πF(B) is empty, the result is easily seen to be true, so we
may assume both projections are nonempty. Choose a ∈ A and b ∈ B so that d(a, b)

= d(A, B). Let

a = [γ0], [γ1], [γ2], . . . , [γn] = b

be the vertices of a minimal length path from a to b in C(P). We choose our notation so
that each γi (for i ∈ {0, . . . , n}) intersects F minimally and for all i �= j the curves γi

and γ j also intersect minimally. In particular, for all i ∈ {0, . . . , n − 1}, γi ∩ γi+1 = ∅.
We will show that either dF(A, B) ≤ d(A, B) or that some γi is disjoint from F .

Assume that for all i , the curve γi intersects F . This implies that for all i ∈

{0, . . . , n} we have πF([γi ]) �= ∅. We will show that dF(A, B) ≤ d(A, B).
For each i ∈ {0, . . . , n}, let ρi be a component of γi ∩ F . Since γi and F intersect

minimally, ρi is an essential arc or simple closed curve in F . Let [vi ] be the isotopy
class of ρi in F , relative to its endpoints. Since, for each i ∈ {0, . . . , n − 1}, γi ∩

γi+1 = ∅, the arcs ρi and ρi+1 are also disjoint. Hence,

[v0], . . . , [vn]

are the vertices of a path in AC(F) from πF(a) to πF(b). Hence,

dF(A, B) ≤ dF(a, b) ≤ d(a, b) = d(A, B).

We can now use this result to construct paths which must pass through a certain
given curve.

Lemma 5.5. Suppose that P is a sphere with at least six punctures. Let c ⊂ P be an

essential simple closed curve bounding a twice-punctured disk G in P. Let F = P \ G.

Let B ⊂ C(P) be a subset of the vertices such that πF(B) is nonempty and bounded.

Let n ∈ N. Then there exists a simple closed curve ℓ ⊂ P such that all the following

hold:

• ℓ ⊂ F bounds a twice-punctured disk in F;
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• d([ℓ],B) = d([c],B) + 1;

• for every vertex [b] ∈ B, every minimal length path in C(P) from [ℓ] to [b] passes

through [c];
• dF([ℓ],B) ≥ n.

Proof. Begin by observing that any essential simple closed curve in P that can be
isotoped to lie in G is actually isotopic to c, as G is a twice-punctured disk.

Let x = max(n, d([c],B)). Since P is a sphere with at least six punctures, F is a
disk with at least four punctures. Since AC(F) is infinite and connected, but πF(B) is
bounded, there is an essential arc or simple closed curve α ⊂ F such that dF([α],B) ≥

x + 3. Since F has at least four punctures, there is a simple closed curve ℓ ⊂ F \ α

(possibly isotopic to α) such that ℓ bounds a twice-punctured disk in P . Since [α] is
at least x + 3 from πF(B) in AC(F), the vertex [ℓ] is at least x + 2 from πF(B) in
AC(F).

Let [b] ∈ B. We show that every minimal length path from [ℓ] to [b] in C(P) passes
through [c]. Suppose not. Then by Lemma 5.4, dF([ℓ], [b]) ≤ d([ℓ], [b]). Since the
curve ℓ is disjoint from c = ∂G, we have

d([c],B) + 1 ≥ d([ℓ], [b])
≥ dF([ℓ], [b])
≥ dF([ℓ],B)

≥ x + 2
≥ d([c],B) + 2.

As this is nonsensical, every minimal length path from [ℓ] to [b] in C(P) must pass
through [c].

Now fix [b] ∈ B to be the vertex closest to [ℓ]. Let

[ℓ] = [α0], [α1], . . . , [αk] = [b]

be a minimal path from [ℓ] to [b]. By the previous paragraph, [αi ] = [c] for some i .
Consequently,

[αi ], [αi+1], . . . , [αk]

is a path from [c] to [B] of length k − i . Thus,

d([c],B) ≤ k − i.

As ℓ is not isotopic to c, i ≥ 1, so d([c],B) + 1 ≤ k = d([ℓ],B). Since we also have
d([ℓ],B) ≤ d([c],B) + 1, we see that d([ℓ],B) = d([c],B) + 1, as desired.

We will apply Lemma 5.5 several times. The first time we do so, we take the set B
to be equal to the disk sets for a bridge sphere. The next lemma confirms that this is
possible.

Lemma 5.6. Let (K , P) be a bridge position. Suppose that c ⊂ P is an essential curve

such that for all [δ] ∈ U ∪L we have i(δ, c) > 2. Let F be the closure of a component

of P \ c. Then the sets πF(U) and πF(L) each have diameter at most 4.
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Proof. We prove the lemma for U . The result for L follows by interchanging U and
L in the following. If F is a twice-punctured disk, then AC(F) is a single vertex,
and the result is trivially true. We assume, therefore, that F is a disk with at least
three punctures. Fix an essential simple closed curve δ ⊂ P such that [δ] ∈ U and so
that |δ ∩ c| is minimal (out of all curves representing vertices in U ). By hypothesis,
|δ ∩ c| > 2.

Let ǫ be any curve in P such that [ǫ] ∈ U and ǫ intersects c and δ minimally in its
isotopy class. We will show that dF([δ], [ǫ]) ≤ 2. Since [δ] is fixed and [ǫ] is arbitrary,
it will follow that πF(U) has diameter at most 4.

If dF([δ], [ǫ]) < 2, then we are done; so assume that dF([δ], [ǫ]) ≥ 2. This implies
that no component of ǫ ∩ F can be isotoped to be disjoint from any component of
δ ∩ F in F . Let D and E be disks on the same side of P , with boundaries equal to the
curves δ and ǫ, respectively, and with interiors disjoint from P ∪ K . Out of all such
disks, choose D and E to minimize |D ∩ E |. Since ǫ and δ are not disjoint, D ∩ E

is nonempty. A cut-and-paste argument shows that D ∩ E consists entirely of arcs of
intersection (i.e., no circles).

Let α ⊂ D ∩ E be an outermost arc of intersection cutting off a disk E ′ ⊂ E with
interior disjoint from D. Let β be the closure of the arc ∂ E ′ \ α. Cutting D open along
α and patching in two parallel copies of E ′, we arrive at disks D′

1 and D′
2. Both ∂ D′

1

and ∂ D′
2 must be essential curves in P , as otherwise we could isotope E to reduce

|D ∩ E |, a contradiction to our original choice of the disks D and E . By our original
choice of the curve δ, i(∂ D′

1, c) ≥ i(δ, c) and i(∂ D′
2, c) ≥ i(δ, c).

Hence,

|∂ D′
1 ∩ c| + |∂ D′

2 ∩ c| ≥ 2|δ ∩ c|.

From the cut-and-paste construction, it is evident that

|δ ∩ c| + 2|β ∩ c| = |∂ D′
1 ∩ c| + |∂ D′

2 ∩ c|

≥ 2|δ ∩ c|.

Thus, |β ∩ c| ≥ 2. Since ǫ intersected c minimally, β cannot be isotoped, relative
to its endpoints, to decrease |β ∩ c|. Let β ′ be a component of β ∩ F having both
endpoints on c (i.e., with both endpoints in the interior of β). Observe that ǫ can be
isotoped to be disjoint from β ′ (since β ′ ⊂ ǫ). Since the interior of β is disjoint from
δ, we also have β ′ ∩ δ = ∅. Hence,

dF([δ], [ǫ]) ≤ dF([δ], [β ′]) + dF([β ′], [ǫ]) ≤ 2,

as desired.

6. DEHN TWISTS ON SURFACES. Our aim is to start with a given knot K , per-
form a single crossing change, and end up with a knot K ′ of arbitrarily high distance.
Performing a crossing change amounts to twisting a knot along a crossing disk. We
will find an appropriate disk by a close examination of the curve complex for a certain
bridge sphere for our starting knot K .

Definition 6.1. Suppose that P is a surface containing an oriented curve γ . A Dehn

twist of P along γ is a homeomorphism τ : P → P defined by cutting P open along
γ , twisting by 2π in the direction of the orientation, and then regluing. This homeo-
morphism is supported in a small neighborhood of γ . A Dehn twist around the bound-
ary of a twice-punctured disk that is a subset of a bridge sphere for a knot K results in
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γ

β τ (β)

Figure 10. The result of a Dehn twist.

a knot K ′ obtained from K by a crossing change with the twice-punctured disk playing
the role of the crossing disk.

Remark. A curve β intersecting γ transversally in a point p, after the twist τ , will, as
it approaches γ from the right (where right and left are defined by the orientation of
γ ), veer to the right, following parallel to γ until it comes back to where it started, at
which point it will cross γ at p. We can find a curve isotopic to τ(β) by taking parallel
copies of γ , one for each point in β ∩ γ , and then resolve the intersections between
those parallel copies and β, as in Figure 10.

Distance and intersection number. Suppose that α and β are curves transverse to
the oriented simple closed curve γ that is disjoint from the points α ∩ β. Letting τ be
the Dehn twist around γ , we see that

|α ∩ τ(β)| = |α ∩ β| + |α ∩ γ ||β ∩ γ |.

Equivalently,

|α ∩ τ(β)| − |α ∩ γ ||β ∩ γ | = |α ∩ β|.

Unfortunately, we do not know that τ(β) intersects α minimally, even if α, β, and γ all
pairwise intersect each other minimally. The next lemma, however, gives us the needed
control by showing that we can pass to intersection numbers at the cost of turning the
previous equality into inequalities. It is proved by using the fact that, if two curves
do not intersect minimally, then there is a bigon between them. We refer the reader to
[7, Proposition 3.4] for a proof.

Lemma 6.2 (Intersection Lemma). Suppose that α, β, and γ are essential simple

closed curves in P, with γ oriented. Let τ : P → P be a Dehn twist around γ . Then

the intersection numbers satisfy:

|i(α, τ (β)) − i(α, γ )i(β, γ )| ≤ i(α, β).

Finally, note that there is a relationship between the intersection number of two arcs
or curves in a surface F and their distance in AC(F) (if at least one is an arc) or C(F)

(if both are curves). The proof of the following lemma is left as an exercise in cut-and-
paste topology and counting. The essence of the proof may be found in [9, Lemma
2.1].
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Lemma 6.3. If α and β are essential arcs or curves in F such that i(α, β) > 0, then

the distance from [α] to [β] in AC(F) or C(F) is at most

2 + 2 log2(i(α, β)).

Remark. This bound is not always the best possible. For instance, if F is a sphere
with at least six punctures and if α and β are essential simple closed curves with
3 ≤ d([α], [β]), then we must actually have i(α, β) ≥ 3.

Dehn twists and disk sets. Suppose that (K , P) is a bridge position and that γ is an
oriented essential curve in the punctured surface P bounding a punctured disk D in
P . Let (B, κ) be the trivial tangle above P and (B ′, κ ′) the trivial tangle below P . The
pair (S3, K ) is formed by gluing via a homeomorphism h : (∂ B, ∂κ) → (∂ B ′, ∂κ ′).
Let τ be a Dehn twist around γ . The knot K ′ resulting from twisting K along the disk
D is formed by gluing (B, κ) to (B ′, κ ′) via the homeomorphism

τ ◦ h : (∂ B, ∂κ) → (∂ B ′, ∂κ ′).

Thus, (K ′, P) is still a bridge position. By identifying (B ′, κ ′) with the tangle
(B ′, K ′ ∩ B ′), we can assume that in C(P) we have U(K ′, P) = τ∗U(K , P) and
L(K ′, P) = L(K , P).

Finally, observe that if the disk D has exactly two punctures, then K ′ is obtained
from K by a crossing change.

7. PROOF OF MAIN THEOREM. Let K ⊂ S3 be a knot and suppose that (b, n) ∈

N2 with b ≥ max(3, b(K )). We will show that there is a knot K ′ ⊂ S3 with b(K ′) = b

and d(K ′) ≥ n such that K ′ and K differ by a single crossing change. The remainder
of the section is taken up with the proof.

Perturb a minimal bridge sphere for K a total of b − b(K ) times to produce a bridge
position (K , P) with b(K , P) = b. We now set about finding a simple closed curve
ℓ3 ⊂ P bounding a twice-punctured disk D ⊂ P such that our knot K ′ will be obtained
from K by twisting along D. Let U = U(K , P) and L = L(K , P) be the disk sets.
Let B = U ∪ L.

Our strategy is to begin by finding a curve ℓ1 far from both disk sets and then
carefully moving two steps beyond it to the desired curve ℓ3, as in Figure 11. We will
then show that performing a Dehn twist along ℓ3 moves the disk set U to a disk set
U ′ far from L. We will conclude that the new knot K ′ has the desired properties by
appealing to Corollary 3.5.

Let N > max(n, 2b + 1, 3). By Proposition 4.3, there is a simple closed curve ℓ1 ⊂

P bounding a twice-punctured disk G1 ⊂ P such that d([ℓ1],B) ≥ N + 8. Let F1 =

P \ G1. By Lemma 6.3, i(ℓ1, δ) > 2 for every [δ] ∈ B. By Lemma 5.6, the subsurface
projections πF1

(L) and πF1
(U) each have diameter at most 4. Thus, πF1

(B) is bounded.
By Lemma 5.5, there is a simple closed curve ℓ2 ⊂ F1, bounding a twice-punctured
disk G2 ⊂ F1 such that

d([ℓ2],B) = d([ℓ1],B) + 1 ≥ N + 9,

every minimal path from [ℓ2] to B passes through [ℓ1], and dF1
([ℓ2],B) ≥ N + 9. Let

F2 = P \ G2.
Pick an arbitrary δ ∈ U , and isotope it to intersect ℓ1 and ℓ2 minimally. Observe that

δ is not disjoint from either ℓ1 or ℓ2 and that πF2
(B ∪ {[ℓ1]}) is bounded (appealing

again to Lemma 5.6 and Lemma 6.3). Let p = i(ℓ1, δ) + i(ℓ2, δ).
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Figure 11. The result of a Dehn twist around ℓ3 on disk complexes.

By Lemma 5.5, there exists a simple closed curve ℓ3 ⊂ F2 such that the following
hold:

• ℓ3 bounds a twice punctured disk D in F2;
• ℓ3 intersects the curves ℓ1 and δ minimally;
• every minimal path in C(P) from [ℓ3] to B passes through [ℓ1] and [ℓ2]; and
• dF2

([ℓ3],B ∪ {[ℓ1]}) > 2 + 2 log2(p).

Orient ℓ3. Let τ∗ be the automorphism of C(P) corresponding to a Dehn twist τ

around ℓ3. Let K ′ be the resulting knot, and let U ′ = U(K ′, P) = τ∗U(K , P) be the
disk sets. Observe that K ′ is obtained from K by a single crossing change and that
d(K ′, P) = d(U ′,L). Thus, as long as d(U ′,L) is at least N , by Corollary 3.5, we
have n ≤ d(K ′, P) = d(K ′) and b(K ′) = b as desired. The next lemma helps us verify
that d(U ′,L) ≥ N .

Lemma 7.1 (Twisting kills subsurface distance). The subsurface projection of the

disk set U ′ onto the subsurface F1 (which has boundary ℓ1) is distance at most 1 from

the class [ℓ2] in the arc-and-curve complex AC(F1). In other words,

dF1
([ℓ2],U ′) ≤ 1.

Proof. To show that dF1
([ℓ2],U ′) ≤ 1, we need only show that there is a vertex v ∈ U ′

and a representative γ of v such that ℓ2 can be isotoped to be disjoint from an arc
of γ ∩ F1 and γ intersects ℓ1 = ∂ F1 minimally up to isotopy. It turns out that any
class v = [τ(δ)] will do the trick. The main difficulty in showing this stems from the
fact that although δ and ℓ3 intersect ℓ1 minimally, the curve τ(δ) may not intersect ℓ1

minimally. We will use the intersection lemma to handle this.
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By Lemma 6.2,

i(ℓ1, τ (δ)) ≥ i(ℓ1, ℓ3)i(ℓ3, δ) − i(ℓ1, δ)

≥ i(ℓ1, ℓ3) − i(ℓ1, δ),
(1)

where the last inequality holds since i(ℓ3, δ) > 0.
By Lemma 6.3 and our choice of ℓ3,

i(ℓ1, ℓ3) ≥ 2(dF2
([ℓ1],[ℓ3])−2)/2 > i(ℓ2, δ) + i(ℓ1, δ).

Observe, also, that, since ℓ3 ∩ ℓ2 = ∅, i(ℓ2, δ) = i(ℓ2, τ (δ)). Combining with inequal-
ity (1), we obtain

i(ℓ1, τ (δ)) > i(ℓ2, τ (δ)). (2)

Let γ be the result of isotoping τ(δ) to minimize the number of intersections with
both ℓ1 and ℓ2. Then γ ∈ U ′ and γ intersects ℓ1 minimally in exactly i(ℓ1, τ (δ)) points.
Since each arc has two endpoints, γ ∩ F1 has exactly a = i(ℓ1, τ (δ))/2 arcs. The curve
ℓ2 separates the surface F1, so each arc component of γ ∩ F1 must intersect ℓ2 in an
even number of points. Thus, if no component of γ ∩ F1 is disjoint from ℓ2 we would
have

i(ℓ2, τ (δ)) ≥ 2a = i(ℓ1, τ (δ)).

However, this contradicts inequality (2), so at least one component of γ ∩ F1 is
disjoint from ℓ2. Since γ intersects F1 minimally in its isotopy class, this is enough to
show that dF1

([ℓ2], [τ(δ)]) ≤ 1, as desired.

Let α1 ⊂ P be a simple closed curve, isotoped to intersect F1 minimally such that
[α1] ∈ L, and so that there is a component α′

1 ⊂ α1 ∩ F1 with

dF1
([α′

1], [ℓ2]) = dF1
(L, [ℓ2]).

Similarly, let α2 ⊂ P and β1 ⊂ P be simple closed curves, isotoped to intersect F1

minimally, such that [α2] ∈ L, [β1] ∈ U ′ and so that there are components α′
2 ⊂ (α2 ∩

F1) and β ′
1 ⊂ (β1 ∩ F1) with

dF1
([α′

2], [β ′
1]) = dF1

(U ′,L).

Finally, let β2 ⊂ P be a simple closed curve, isotoped to intersect F1 minimally, such
that [β2] ∈ U ′ and so that there is a component β ′

2 ⊂ (β2 ∩ F1) with dF1
([β ′

2], [ℓ2])
≤ 1. (Such a curve exists by Lemma 7.1.)

By Lemma 5.6, dF1
([α′

1], [α′
2]) ≤ 4 and dF1

([β ′
1], [β ′

2]) ≤ 4. Thus, by our choice of
ℓ2 and the triangle inequality, we have

N + 9 ≤ dF1
([α′

1], [ℓ2])
≤ dF1

([α′
1], [α′

2]) + dF1
([α′

2], [β ′
1]) + dF1

([β ′
1], [β ′

2]) + dF1
([β ′

2], [ℓ2])
≤ 9 + dF1

(U ′,L).

Consequently,

N ≤ dF1
(U ′,L).
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Recalling that G1 = P \ F1 is a disk with two punctures, by Lemma 5.4, one of the
following occurs:

(a) dF1
(U ′,L) ≤ d(U ′,L);

(b) every minimal path from U ′ to L contains [ℓ1].

Suppose that (a) holds. Then

N ≤ dF1
(U ′,L) ≤ d(U ′,L),

as we were hoping.
Now assume that (b) holds. Since every minimal length path from U ′ to L contains

[ℓ1], we have

d(U ′,L) ≥ d(U ′, [ℓ1]) + d([ℓ1],L) ≥ d([ℓ1],L) ≥ N

as desired. .

8. PRECEDENTS. If we work with oriented knots, then the Gordian graph is the
1-skeleton of the “Gordian complex” defined by Hirasawa and Uchida [10]. A number
of authors since them have studied the Gordian complex from various points of view.
To our knowledge, we are the first to explore the relationship between bridge number,
bridge distance, and the Gordian graph.

The curve complex was originally defined by Harvey [8], and many of its important
properties, including those of subsurface projections, were discovered by Masur and
Minsky [16, 17].

The bridge distance of a knot is a “knot-version” of a concept from 3-manifold
theory, as we now describe. A (three-dimensional) handlebody is the result of attach-
ing solid tubes to a three-dimensional ball to create an orientable manifold. If X and
Y are handlebodies with boundaries having the same genus, we can create a three-
dimensional manifold M by gluing ∂ X to ∂Y via a homeomorphism ∂ X → ∂Y . We
identify both X and Y with their images in M and call the pair (X, Y ) a Heegaard split-

ting of M . Every closed, orientable 3-manifold has a Heegaard splitting. If we have a
collection of unknotted properly embedded arcs κ ⊂ X and another such collection
κ ′ ⊂ Y and if ∂κ = ∂κ ′, the surface ∂ X = ∂Y in M is a bridge surface for the knot or
link κ ∪ κ ′, and |κ| is called the bridge number of the surface.

A disk set for a Heegaard splitting is the collection of vertices in the curve complex
of the Heegaard surface that bound disks all to one side of the Heegaard surface. A
Heegaard splitting thus gives rise to two disk sets in the curve complex of the Heegaard
surface. Hempel [9] defined the distance of a Heegaard splitting to be the distance
in the curve complex between those disk sets. Saito [21] adapted that definition to
bridge surfaces for knots such that the bridge surface has genus 1 and bridge number
1. Bachman–Schleimer [2] extended and modified the definition so that it applies to
all bridge surfaces. The bridge distance in this paper is a simplification of that of
Bachman–Schleimer and is similar in spirit to Saito’s definition.

Lustig and Moriah [15] prove a result for Heegaard splittings that is similar to our
result for knots. They construct high distance Heegaard splittings by performing a sin-
gle Dehn twist on a gluing map giving a Heegaard splitting of the 3-sphere. Their
construction uses Thurston’s theory of projective measured foliations to find an appro-
priate twisting curve. Finally, our Lemma 5.6 is similar to a result of Tao Li [14] and
Masur–Schleimer [18] for Heegaard splittings.
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9. POSSIBLE EXTENSIONS. A knot has a (g, b)-splitting if it has a genus g bridge
surface of bridge number b. This paper studied (0, b) bridge splittings for b ≥ 3. It
should be relatively easy to adapt our results to (g, b) bridge splittings with g, b ≥ 1.
The only real challenge is dealing with the case when b ≤ 2, as it may be impossible
to find a curve in the surface bounding a twice-punctured disk and that is disjoint from
a given essential curve. Nevertheless, we make the following conjectures.

Conjecture. Let K be knot in a 3-manifold M with a (g, b) splitting with g ≥ 1.
Let (g′, b′, n) be a triple of nonnegative integers with g′ ≥ g, b′ ≥ b. Then there is a
knot K ′ ⊂ M obtained from K by a single crossing change, such that K ′ has a (g′, b′)

splitting of distance at least n.

The curve complex for a (0, 2)-bridge sphere of a knot K ⊂ S3 is not particularly
useful as it is disconnected. The Farey graph for the bridge sphere is often a useful
substitute. It is the graph whose vertex set consists of essential simple closed curves in
the four-punctured sphere and whose edge set consists of pairs of vertices represented
by curves intersecting exactly twice. A result analogous to the one proved in this paper
should hold in that setting.

Conjecture. For each knot K ⊂ S3 with b(K ) ≤ 2 and for each n ∈ N there exists a 2-
bridge knot K ′ ⊂ S3 obtained from K by a single crossing change and with d(K ′) ≥ n.
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The Falling Slinky

Robert J. Vanderbei

Abstract. It is an interesting and counterintuitive fact that a Slinky released from a hanging

position does not begin to fall all at once but rather each part of the Slinky only starts to fall

when the collapsed part above it reaches its level. The analyses published so far have given

physical arguments to explain this property of Slinkies. In particular, they have relied on the

fact that a perturbation to a Slinky travels through the Slinky as a wave and therefore has a

certain propagation speed. Releasing a Slinky that was being held at the top is a perturbation

at the top, and it takes time for that perturbation to propagate downward. This “high-level”

analysis is, of course, correct. But, it is also interesting to analyze the dynamics from a purely

mathematical perspective. We present such a careful mathematical analysis. It turns out that

we can derive an explicit formula for the solution to the differential equation, and from that

solution, we see that the effect of gravity exactly counteracts the tension in the Slinky. The

mathematical analysis turns out to be as interesting as the physics.

1. INTRODUCTION. Consider a Slinky that is held at one end while the rest of it
hangs freely. Assume that the Slinky is suspended in this manner until all transient
oscillatory motions dissipate, that is, until the Slinky reaches a suspended static equi-
librium. Suppose that the Slinky is then released and begins to fall. As it falls due to
gravity, it also shrinks in extent due to the contracting force in the Slinky itself. Back in
1993, M. G. Calkin [1] published an analysis showing that the net effect of these two
dynamics exactly counteract each other and that the full extent of the Slinky remains
utterly at rest except for the top, which falls due to gravity and gathers more and more
of the Slinky as it falls. The bottom of the Slinky therefore remains motionless until
the full Slinky is completely compressed, at which point the whole thing falls down-
ward together. This surprising effect fascinated Martin Gardner [3]. Here’s a video
illustrating the phenomenon [7]:

http://www.princeton.edu/~rvdb/WebGL/Slinky.html

A few papers have already appeared (see, e.g., [2, 4, 5, 6]) describing this phenomenon
and explaining in physical terms why it makes sense for the stretched part of the Slinky
to remain motionless. In this paper, we describe a simple mathematical model for the
dynamics of a real Slinky, and we give a careful mathematical explanation for this
behavior. One’s first thought is that the gravitational effect should be quadratic in time,
whereas the compressive effect should be sinusoidal, and therefore, any motionless
property should be only approximate. But, it turns out that the dynamics are more
complicated than that, and in fact, the two effects do indeed perfectly cancel each other
out. It is also an interesting side note that the analysis requires the explicit formula for
the roots of a cubic equation.

In Section 2, we start by modeling the Slinky as a chain of n + 1 bodies each having
mass m, and we assume that each adjacent pair of bodies is connected by a spring hav-
ing spring constant k. We present a detailed analysis of this (overly simplified) discrete
approximation to the problem. Then, in Section 3, we consider the continuum limit of
the discrete approximation. Not surprisingly, this limit turns out to be an instance of

http://dx.doi.org/10.4169/amer.math.monthly.124.1.24
MSC: Primary 70F10
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Figure 1. Three frames from a slow-motion video of a falling Slinky as captured by the author using his

iPhone in Slo-Mo mode.

the wave equation with particular initial values and boundary conditions. We show
that the “stretched” part of the Slinky remains motionless until the collapsed part from
above gets to it. In these sections, the Slinky is implicitly assumed to be porous. In
other words, the discrete bodies can pass freely through each other. Section 4 consid-
ers the more realistic case of a nonporous Slinky. Even here it is possible to derive very
explicit formulas for the motion.

2. DISCRETE APPROXIMATION. Consider n + 1 bodies, numbered 0 to n, of
equal mass in a line and having springs connecting each adjacent pair of bodies. We
are interested in the interplay between the effects of gravity and the effects of the
springs. In particular, we imagine holding the “top” body, body 0, and letting the rest
of them hang below as they are pulled downward by gravity but held in equilibrium by
the springs. Let

y =













y0

y1

y2

...

yn













denote the vertical heights of the n + 1 masses. According to Newton’s second law of
motion, the mass of a body times its acceleration is equal to the sum of all the forces
acting directly on that body. In the present context, there are two types of forces: (i)
forces from the springs pulling on adjacent bodies and (ii) the force of gravity pulling
each body downward. Hence, we have

mÿ = −k Ay − mge,

where ÿ denotes the second derivative of y with respect to time t , g denotes the accel-
eration due to gravity, e denotes the vector of all ones, and

A =

















1 −1
1 −1

1 −1
. . .

. . .

1 −1
0

















+

















0
−1 1

−1 1
. . .

. . .

−1 1
−1 1
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=

















1 −1
−1 2 −1

−1 2 −1
. . .

. . .
. . .

−1 2 −1
−1 1

















.

As we analyze this differential equation, it will be convenient to have the vector y and
its derivatives on the left of the equals sign and all other terms on the right:

mÿ + k Ay = −mge. (1)

Static initial conditions. Suppose that initially the masses are hanging in such a way
that the downward force due to gravity exactly matches the upward force due to the
springs so that the Slinky remains stationary—at least until we let go of body 0. Let’s
pick our coordinate system so that

y0(0) = 0.

Setting the acceleration ÿ equal to zero for each of the other bodies, we get

y j−1(0) − 2y j (0) + y j+1(0) =
mg

k
, j = 1, 2, . . . , n − 1,

yn−1(0) − yn(0) =
mg

k
.

To find an explicit formula for the initial solution, we look for a solution of the form
y j (0) = aj + bj2. Plugging this guess into the equations above, it is easy to deduce
that

b =
mg

2k
and a = −

mg

k
(n + 1/2).

Hence,

y j (0) = −
mg

k

(

nj −
1

2
j ( j − 1)

)

, j = 0, 1, 2, . . . , n. (2)

Particular solution. The general solution to a nonhomogeneous differential equation
is the sum of a particular solution to the nonhomogeneous equation plus the general
solution to the associated homogeneous equation. In this subsection, we will exhibit a
particular solution to the nonhomogeneous equation.

If we let all n + 1 masses start together superimposed on each other at the origin,
then there are no spring forces, and all masses fall downward due to gravity. Hence,
we expect that

yP = −
gt2

2
e

is a particular solution to the differential equation. Indeed, it is easy to see that

ÿP = −ge
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and that

Ae = 0.

Hence,

mÿP + k AyP = −mge

as required.

Homogeneous solution. The associated homogeneous equation is given by

mÿ + k Ay = 0.

We look for solutions of the form

y = eBt c

for some symmetric matrix B and some vector c. Differentiating twice, we get

ÿ = B2eBt c = B2 y,

and so

mÿ + k Ay = m B2 y + k Ay = 0.

This equation is satisfied if we pick

B = ±

√

k

m

√
Ai,

where
√

A denotes the positive semidefinite square root of the positive semidefinite
matrix A and i denotes, as usual, the square root of −1. Hence, the general solution to
the homogeneous equation can be written as

yH = e
√

k/m
√

Ait c+ + e−
√

k/m
√

Ait c−,

and the general solution to the original equation is the sum of a particular solution and
the homogeneous solution:

y = e
√

k/m
√

Ait c+ + e−
√

k/m
√

Ait c− −
gt2

2
e.

Solution with given initial conditions. To find the solution to our hanging Slinky
that’s been released at time t = 0, we just need to use the initial conditions to solve for
c+ and c−. Plugging t = 0 into our solution, we get

y(0) = c+ + c−.

Next, using the fact that the velocity vector vanishes at t = 0, we get that

ẏ(0) =
√

k

m

√
A ic+ −

√

k

m

√
A ic− = 0,
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from which we deduce that c+ = c−. Putting these facts together, we get that

c+ = c− =
y(0)

2
,

and so

y(t) =
e

√
k/m

√
A it + e−

√
k/m

√
A it

2
y(0) −

gt2

2
e

= cos
(

√

k/m
√

A t
)

y(0) −
gt2

2
e

=
(

I −
k

m

t2

2!
A +

k2

m2

t4

4!
A2 − · · ·

)

y(0) −
gt2

2
e.

Our main interest is in the position of the bottom-most mass, yn , as a function of time:

yn(t) = eT
n y(t),

where en denotes the n + 1 vector that is all zeros except for a one in the last position.
Now, if we refer to the equations that defined our initial conditions, we see that all

but the 0th element of Ay(0) is equal to −mg/k and the 0th element turns out to be
mgn/k. So,

Ay(0) = −
mg

k
e +

mg

k
(n + 1) e0,

where e0 denotes the n + 1 vector that is one in the 0th position and zero elsewhere.
From this, it follows that

en Ay(0) = −
mg

k
.

Hence, the quadratic term in the Taylor series expansion of the cosine exactly cancels
the quadratic acceleration due to gravity term.

Finally, let us consider the other terms in the Taylor series expansion. Since the row
sums of the A matrix all vanish, it follows, as mentioned before, that Ae = 0. Hence,
for j ≥ 1,

A j+1 y(0) =
mg

k
(n + 1) A j e0.

It is easy to see that Ae0 is all zeros except for the first two elements. Similarly, A2e0 is
all zeros except for the first three elements. By induction, it is easy to check that A j e0 is
zero in all but the first j + 1 elements. Hence, the last, i.e., (n + 1)st, element remains
zero until j = n. Therefore, the last component of the vector vanishes in the Taylor
series until the t2n term. Hence, the motion of the bottom mass in the chain appears to
remain fixed until time is sufficiently great that the t2n term becomes significant.

3. CONTINUUM SOLUTION. Now let’s study the limit as n tends to infinity.
Before taking limits, we need to scale things appropriately. First, rather than having
each body have mass m, we will assume that each body has mass m/n so that the total
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mass is roughly m. Also, we need to scale the spring constant appropriately. It turns
out that the correct choice there is to increase the spring constant in direct proportion to
the number of masses: kn instead of k. With these rescalings, the differential equation
(1) becomes

ÿ +
k

m

A

1/n2
y = −ge. (3)

We also change our indexing from a simple index j that counts the bodies to a real
number x that represents the fraction of the distance from the top of the Slinky to the
bottom. So, x = 0 represents the top, x = 1 represents the bottom, and, in general, the
index j is replaced by x = j/n. With this notation, all rows of the matrix A/(1/n2)

except the first and the last converge to the negative of the second derivative of height
y with respect to the variable x :

A

1/n2
−→ −

∂2

∂x2
.

The first row (corresponding to x = 0) and the last row (corresponding to x = 1)
require a different scaling. Rather than 1/n2 in the denominator, we need 1/n. So, for
these two cases, we must divide (3) by n before taking limits. Doing this and taking
limits, we see that the right-hand side and the first term on the left-hand side both
vanish, and so we are left with

∂y

∂x
(x, t) = 0, for x ∈ {0, 1} and t ≥ 0.

In the continuum limit, the initial conditions given by (2) become

y(x, 0) = −
mg

k

(

x −
1

2
x2

)

.

To summarize, the differential equation that defines the continuum problem is a par-
ticular solution to the wave equation

∂2 y

∂t2
(x, t) −

k

m

∂2 y

∂x2
(x, t) = −g, 0 < x < 1, t > 0,

y(x, 0) = −
mg

k

(

x −
1

2
x2

)

, 0 ≤ x ≤ 1,

∂y

∂t
(x, 0) = 0, 0 ≤ x ≤ 1,

∂y

∂x
(x, t) = 0, x ∈ {0, 1}, t ≥ 0.

To solve this wave equation, we must find a particular solution to the differential equa-
tion and then the most general solution to the associated homogeneous equation.

A particular solution is easy to produce:

yP(x, t) = −
1

2
gt2.
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Checking that this is a solution is trivial. The general solution to the homogeneous
equation is also easy to write down:

yH(x, t) = f±

(

x ±
√

k/m t
)

,

where f± are arbitrary functions. Again, it is trivial to check that such a function
satisfies the homogeneous wave equation

∂2 yH

∂t2
(x, t) −

k

m

∂2 yH

∂x2
(x, t) = 0.

So, the general solution to the nonhomogeneous equation is

y(x, t) = f+

(

x +
√

k/m t
)

+ f−

(

x −
√

k/m t
)

−
1

2
gt2.

All that remains is to use the boundary conditions to discover the exact form of f+ and
f−. From the boundary conditions at t = 0, we see that

y(x, 0) = f+(x) + f−(x) = −
mg

k
x

(

1 −
x

2

)

, 0 ≤ x ≤ 1, (4)

and

∂y

∂t
(x, 0) =

√

k

m
f ′
+(x) −

√

k

m
f ′
−(x) = 0, 0 ≤ x ≤ 1. (5)

From (4), we see that f+(0) + f−(0) = 0. Without loss of generality, we may assume
that f+(0) = f−(0) = 0. From (5), we deduce that f ′

+(x) = f ′
−(x) for 0 ≤ x ≤ 1.

Hence, it follows that

f+(x) = f−(x) = −
mg

2k
x

(

1 −
x

2

)

, 0 ≤ x ≤ 1.

Finally, from the boundary conditions at x = 0 and x = 1, we get, after a trivial change
of variables:

f ′(t) = − f ′(−t) and f ′(1 + t) = − f ′(1 − t), for t > 0.

(Note: we have dropped the subscript ± since the two functions are the same.) These
last conditions tell us that we can extend the formula for f beyond the interval [0, 1]
by successive reflection operations. It is now easy to check that f is a periodic function
with period 2 defined by

f (x) = −
mg

4k
x (2 − x) , 0 ≤ x ≤ 2.

In other words, the general formula for f is

f (x) = −
mg

4k
(x mod 2) (2 − x mod 2) .
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The temporal evolution of the Slinky. Finally, we can analyze the motion of the
Slinky. Consider a fixed location x on the Slinky. From our analysis above, we have

y(x, t) = f (x +
√

k/m t) + f (x −
√

k/m t) −
1

2
gt2.

It is easy to check that for 0 ≤ t ≤
√

m/k x and 0 ≤ x ≤ 1, both arguments to the
function f in the formula for y are in the main interval [0, 2], and therefore, the for-
mula is quite simple in this case:

y(x, t) = −
mg

4k

(

x +
√

k

m
t

)(

2 − x −
√

k

m
t

)

−
mg

4k

(

x −
√

k

m
t

)(

2 − x +
√

k

m
t

)

−
1

2
gt2

= −
mg

2k
x(2 − x)

= y(x, 0).

To summarize: Not only does the bottom of the Slinky remain motionless for a certain
period of time, but every point on the Slinky (except the very top) remains motionless
for a period of time. For parts close to the top (small values of x), the time of station-
arity is brief, and as we move lower, this time period gets longer. The bottom of the
Slinky remains motionless for 0 ≤ t ≤

√
m/k.

A plot of y(x, t) versus t , for some choices of x between zero and one, is shown in
Figure 2.

4. THE REALISTIC CASE: INELASTIC COLLISIONS. It is clear from Figure
2 that the bodies can freely pass through each other as the chain of bodies falls. A
real Slinky is not “porous” like this. Instead, we should assume that the balls can’t
pass through each other. It’s easy to code up a simulation of such a motion. A Matlab
program that computes the path of the balls is shown in Figure 3. The output of this
Matlab code is shown in Figure 4.

From these numerical computations, it is clear that each body in the nonporous
chain remains stationary until the collapsed bodies from above collide with it. Based
on this observation, we can derive a formula for the position of the top of the continuum
Slinky as a function of time. Let µ(t) denote the center of mass of the system at time
t . For time t = 0, we compute the center of mass to be

µ(0) =
∫ 1

0

y(x, 0)dx = −
mg

k

∫ 1

0

(

x −
1

2
x2

)

dx = −
1

3

mg

k
.

Once released, the center of mass of the Slinky accelerates downward at rate g, so at
time t , we have

µ(t) = µ(0) −
1

2
gt2 = −

1

3

mg

k
−

1

2
gt2. (6)

We now assume that a certain proportion of the top of the Slinky has collapsed to the
bottom position of that proportion. Let xt denote this proportion at time t . So, we have
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time
0 0.5 1 1.5 2 2.5 3

y

-50

-45

-40

-35

-30

-25

-20

-15

-10

-5

0
The Fall of a Porous Slinky

top-most mass
discrete "x" locations on slinky

Figure 2. A plot of y(x, t) versus t for x = 0, 1/5, 2/5, . . . , 1. The mass of the Slinky is taken to be m = 1

kg, distance is measured in meters, time in seconds, and the acceleration due to gravity is g = 9.8m/s2. Also

shown is the temporal evolution of the position of the uppermost mass, which changes as masses pass each

other.

y(x, t) =
{

y(xt , 0), x ≤ xt ,

y(x, 0), x ≥ xt

and we can compute the center of mass of this partially collapsed Slinky:

µ(t) =
∫ 1

0

y(x, t)dx

=
∫ xt

0

y(xt , 0)dx +
∫ 1

xt

y(x, 0)dx

= xt y(xt , 0) −
mg

k

∫ 1

xt

(

x −
x2

t

2

)

dx

= −xt

mg

k

(

xt −
x2

t

2

)

−
mg

k

(

1

3
−

x2
t

2
+

x3
t

6

)

. (7)

Equating the right-hand sides of (6) and (7) and simplifying, we see that xt must satisfy
a cubic equation:

x3
t

3
−

x2
t

2
+

1

2

k

m
t2 = 0.

32 c© THE MATHEMATICAL ASSOCIATION OF AMERICA [Monthly 124



Figure 3. Matlab code for n nonporous balls.

The general solution to this cubic equation is

xt =
1

2
− uCt −

1

4uCt

,

where u is any of the three complex roots of unity and
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time
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

y

-7

-6

-5

-4

-3

-2

-1

0
The Fall of a Solid Slinky

center of mass
discrete "x" locations on slinky

Figure 4. A plot of y(x, t) versus t for five of 500 nonporous balls. The solid lines show the motion over time

of every 100th ball. The dashed line shows evolution of the center of mass of the system. As before, the total

mass is taken to be 1 kg, distance is measured in meters, time in seconds, and g = 9.8m/s2.

Ct =





− 1
4

+ 3
2

k

m
t2 +

√

3
4

k

m
t2

(

−1 + 3 k

m
t2

)

2





1/3

.

We need to pick the correct root of unity. It must be picked so as to ensure that xt lies
between 0 and 1. Careful analysis of the case where t is small allows us to determine
which of the three roots of unity is the correct one.

We start by considering the case t = 0. In this case, the cubic equation is easy:

x3
0

3
−

x2
0

2
= 0 =⇒ x0 = 0, 0, 3/2.

Let us try to determine which cube root of unity is associated with 3/2. For t = 0,
we have

C0 = −1/2,

and so we get

x0 =
1

2
(1 + u + 1/u) .
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Clearly, the root u = 1 yields the 3/2 solution, and the other two roots, u± = e±2π i/3,
both yield a zero solution. To determine which of these two roots is the correct one,
we consider the case where

√
k/m t is tiny, say ε. In this case, we have

Ct ≈
(

−
1

8
+

√
3

4
εi

)1/3

≈ −
1

2
+

ε
√

3
i.

Plugging into our equation for xt , we get

x±
t ≈

1

2
− e±2π i/3

(

−
1

2
+

ε
√

3
i

)

−
1

4e±2π i/3

(

− 1
2

+ ε√
3

i
)

=
1

2
+ e±2π i/3

(

1

2
−

ε
√

3
i

)

+ e∓2π i/3 1

2 − 4ε√
3

i

=
1

2

(

1 + e±2π i/3

(

1 −
2ε
√

3
i

)

+ e∓2π i/3 1

1 − 2ε√
3

i

)

≈
1

2

(

1 + e±2π i/3

(

1 −
2ε
√

3
i

)

+ e∓2π i/3

(

1 +
2ε
√

3
i

))

=
ε

√
3

i
(

−e±2π i/3 + e∓2π i/3
)

= ±ε.

From this computation, we see that u+ produces xt values that are positive for small t

whereas u− produces negative values. Hence, u+ is the correct root.
Finally, we note that as a by-product of this analysis we can compute how long

it takes for the Slinky to fully collapse. The moment of full collapse corresponds to
xt = 1. Hence, from our cubic equation, we get that

−
1

6
+

1

2

k

m
t2 = 0.

Solving for t we get

t =
√

m

3k
.

Figure 4 shows the output produced by the Matlab code shown in Figure 3. The red
curve plots the center of mass as a function of time.

Finally, the author has produced a WebGL online [7] integration of the differential
equation. This dynamic animation can be seen here:

http://www.princeton.edu/~rvdb/WebGL/Slinky.html

5. FINAL REMARKS. Calkin’s 1993 paper [1] provides a detailed analysis equiva-
lent to both the porous and the nonporous continuum cases discussed here. He refers to
these two cases as the “loosely wound spring” and the “tightly wound spring,” respec-
tively. The results are consistent with those presented here, but the derivations are
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based on physical principles that have a mathematical basis but make the paper hard
to follow for someone not familiar with these principles.

In 2001, Graham [4] modeled the Slinky as a pair of masses connected by a spring.
His results are consistent with the results obtained below in case where n = 1.

In 2002, Sawicki [5] discussed the falling Slinky but only computed the stretch
profile before releasing the Slinky.

In 2011, Unruh [6] provided an analysis of both the porous and the nonporous cases.
For the porous case, he started directly with the wave equation and derived the same
results as given here. For the nonporous case, his analysis differs from that presented
here.

In 2012, Cross and Wheatland [2] provided a detailed analysis of the nonporous
case. Their results are equivalent to those obtained here, but again, the deriva-
tion depends on understanding certain physical principles that might not be well-
understood by a general mathematical audience.

It is clear that the results in this paper are not new to the physics community. But, the
unique behavior of the falling Slinky is sufficiently surprising that a rigorous analysis
should also be inspiring to mathematicians.
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Irreducibility Criteria for Reciprocal
Polynomials and Applications

Antonio Cafure and Eda Cesaratto

Abstract. We present criteria for determining irreducibility of reciprocal polynomials over

the field of rational numbers. We also obtain some combinatorial results concerning the irre-

ducibility of reciprocal polynomials. As a consequence of our approach, we are able to deal

with other problems such as factorization properties of Chebyshev polynomials of the first and

second kind and with the classical problems of computing minimal polynomials of algebraic

values of trigonometric functions.

1. INTRODUCTION. The study of irreducibility of polynomials in Q[t] is a well
established research area requiring different concepts and tools from many fields. In
the opinion of these authors it is a very nice and instructive subject.

There are many criteria for studying irreducibility based on distinct characteris-
tics of the polynomials—for instance, criteria based on the prime factors dividing the
coefficients as in Eisenstein’s criterion and, more generally, as in Newton’s polygon.
There are also criteria based on the size of the coefficients, whose proofs require tools
of complex analysis, such as Perron’s criterion and related results. In fact, there is
an extensive literature about this subject. The notes written by Michael Filaseta [5]
provide a very readable and interesting source of information about these facts.

In the classical book Irrational Numbers by Ivan Niven [10], we find another cri-
terion for irreducibility over Q, although it is not explicitly stated as such. It arises
in a context where Niven proves (a result due to Derrick Lehmer) that the numbers
cos(2π/n) and sin(2π/n) are algebraic over Q. In fact, he first computes the minimal
polynomials over Q of the numbers 2 cos(2π/n) by appealing to the fact that cyclo-
tomic polynomials are reciprocal polynomials. By means of the change of variables
x = t + 1/t , he shows that the cyclotomic polynomial �n (which is irreducible over
Q[t] and has cos(2π/n) + i sin(2π/n) as a root) is transformed into an irreducible
polynomial in Q[x] (whose degree is half the degree of �n) having 2 cos(2π/n) as
a root. To finish, Niven shows that the numbers sin(2π/n) are algebraic over Q by
expressing sin(2π/n) in terms of cos(2π/m) for a certain integer m.

This paper intends to take advantage of Niven’s approach to study problems related
to factorization of reciprocal polynomials. We now define precisely all the needed
notation. Our definition of reciprocal polynomial involves the more general notion of
reversal polynomial.

Definition. Given a polynomial f ∈ Q[t], the reversal polynomial of f is defined as
the following polynomial of Q[t]:

frev(t) = tdeg f f (1/t). (1)

Informally said, the reversal polynomial frev has the same coefficients as f but in
reverse order. The interesting feature of (1) is that it is independent of the way f is
expressed. As an easy example, if f = t2 − t + 2 then its reversal polynomial is

http://dx.doi.org/10.4169/amer.math.monthly.124.1.37
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frev = t2
(

1/t2 − 1/t + 2
)

= 1 − t + 2t2.

When f is a polynomial having 0 as a root, the degree of frev and f do not coincide.
For instance, for any monomial f = tn , its reversal polynomial is frev = 1. In Section
2 many properties of frev are precisely stated.

Reversal polynomials are well known and arise in many instances. An interesting
application of this notion to the division algorithm in Q[t] can be found in [14].

As stated before, reciprocal polynomials are the main object of this paper. They can
be seen as “fixed points” of the reversal operation defined in (1).

Definition. A polynomial f ∈ Q[t] is a reciprocal polynomial if

frev(t) = f (t). (2)

One can find other names for referring to this type of polynomial: self-reciprocal,
palindromic, etc. Our choice is a consequence of being introduced to this notion thanks
to Edward Barbeau’s wonderful book Polynomials [1]. An example of a reciprocal
polynomial is f = t6 − 2t5 + 5t4 − t3 + 5t2 − 2t + 1. We might say that cyclotomic
polynomials �n for n > 1 are the best known examples of reciprocal polynomials with
rational coefficients.

The change of variables x = t + 1/t is the key to the usual method for computing
(or at least, simplifying the search for) the roots of a reciprocal polynomial. Given any
reciprocal polynomial f ∈ Q[t] of degree 2n, by making this change of variables, we
obtain a polynomial in Q[x] of degree n. The roots of this polynomial are of the form
α + 1/α with α a root of f . Assuming that the n roots of the polynomial in x are able
to be computed, we then recover the roots of f by solving n quadratic equations.

We will consider this change of variables as inducing a mapping which we call
reciprocal mapping and which we define below.

Definition. The reciprocal mapping R assigns to each reciprocal polynomial f ∈ Q[t]
of even degree the unique polynomial p = R( f ) ∈ Q[x] satisfying the equation

f (t) = tdeg p p(t + 1/t).

Conversely, we observe that for every p ∈ Q[x] the polynomial f = R−1(p), just
defined, is reciprocal of even degree.

Example 1. Consider the reciprocal polynomial �11 =
∑10

i=0 t i , the eleventh cyclo-
tomic polynomial. Writing

�11 = t5

(

1 +
5

∑

k=1

(

t k +
1

t k

)

)

it is possible to express each term t k + 1/t k as a linear combination of powers of
x = t + 1/t as follows:

t2 + 1/t2 = (t + 1/t)2 − 2,

t3 + 1/t3 = (t + 1/t)3 − 3(t + 1/t),
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t4 + 1/t4 = (t + 1/t)4 − 4(t + 1/t)2 + 2,

t5 + 1/t5 = (t + 1/t)5 − 5(t + 1/t)3 + 5(t + 1/t).

With these equalities, it turns out that

�11 = t5 p(t + 1/t) with p = R(�11) = x5 + x4 − 4x3 − 3x2 + 3x + 1.

Taking this known idea as a starting point, the main goal of our article is to pro-
vide an unified framework in which many different problems arising in the context of
reciprocal polynomials may be considered.

Our reciprocal mapping has many interesting features which enable us to turn the
usual change of variables into a systematic treatment. We will refer to the underlying
method as the reciprocal substitution method and its details are explained in Section
3. The fact is that this method gives not only some information about the roots of a
reciprocal polynomial, but it also provides information about its factorization. Thus,
factorizations properties of reciprocal polynomials of even degree are translated into
factorization properties of their images and vice versa.

By means of the reciprocal substitution method we are able to provide some criteria
for determining the irreducibility of reciprocal polynomials in Q[t] (see Theorem 11).

Theorem. Let f ∈ Z[t] be a primitive reciprocal polynomial of even degree and
assume that the image polynomial p ∈ Q[x] is irreducible.

1. If | f (1)| or | f (−1)| are not perfect squares, then f is irreducible in Q[t].

2. If f (1) and the middle coefficient of f have different signs, then f is irreducible
in Q[t].

3. If the middle coefficient of f is 0 or ±1, then f is irreducible in Q[t].

We remark that many of the well-known criteria for determining irreducibility of
integer polynomials cannot be used to determine irreducibility of reciprocal polyno-
mials.

Our criterion permits us to show that the polynomials

g2p(t) =
(t + 1)2p − t2p − 1

t

are irreducible over Q when p is an odd prime number (see Example 14). We learned
about this family from Filaseta’s notes [5]. The difference in our analysis from that of
[5] is that we do not make use of the Newton polygon of g2p with respect to p. We
simply appeal to Eisenstein’s criterion to show the irreducibility of the image of g2p.

From a combinatorial point of view, it is interesting to estimate the “proportion” of
reciprocal polynomials with a given factorization pattern. It is known that “almost all”
polynomials with integer coefficients are irreducible over Q (see, e.g., [5]). By means
of the reciprocal substitution method, combinatorial versions for reciprocal polynomi-
als are deduced from their counterparts in Q[x]. In fact, the following theorem holds
(see Section 6).

Theorem. Almost all reciprocal polynomials with integer coefficients are irreducible
over Q.

To prove this result we take advantage of the properties of the reciprocal mapping.
Mainly, this involves a matrix representation of R which enables us to obtain bounds
on the coefficients of R( f ) for any reciprocal f of degree 2n.
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Our approach also leads us to address problems related to the complete factorization
over Q of the Chebyshev polynomials of first and second kind. Finally, we deal with the
computation of the minimal polynomials of the numbers cos(2π/n) and sin(2π/n) and
derived facts. There are many references dealing with this kind of problem beginning
with the works of Lehmer, Niven, and others (see [2] and [15]).

2. FACTORIZATION PROPERTIES OF RECIPROCAL POLYNOMIALS. We
begin this section with a number of consequences which are derived from the definition
of reversal polynomial given in (1).

• If α is a nonzero complex root of f , then 1/α is a root of frev.
• Let k be the multiplicity of 0 as a root of f . Then the degree of frev is equal to

deg f − k. If f (0) �= 0, then ( frev)rev = f .
• ( f g)rev = frev grev.
• If f (0) �= 0, then f is irreducible in Q[t] if and only if frev is irreducible in Q[t].

Assume now that f ∈ Q[t] is a reciprocal polynomial of odd degree. From the
properties of reversal polynomials, it is immediate that −1 is a root of f and that
f factors as (t + 1)g with g ∈ Q[t] a reciprocal polynomial of even degree. Thus it
makes sense to restrict our attention to the set of reciprocal polynomials with rational
coefficients and even degree. Throughout the text we will use the following notation:

R := { f ∈ Q[t] : f reciprocal and of even degree}.

Leaving aside �1 = t − 1 and �2 = t + 1, we see that any cyclotomic polynomial �n

belongs to R for n ≥ 3.
The following proposition provides an equivalent definition of reciprocal polyno-

mial.

Proposition 2. A polynomial f ∈ Q[t] is reciprocal if and only if it satisfies the fol-
lowing two properties.

1. If 1 is a root of f , then its multiplicity is even.

2. If α is a root of f of multiplicity r , then 1/α is a root of multiplicity r .

In the sequel we will use indistinctly both characterizations.
We list now some useful properties concerning the factorization of reciprocal poly-

nomials.

Lemma 3. The following assertions hold:

• The product of reciprocal polynomials is reciprocal.
• If f = gh and f and g are reciprocal, then h is also reciprocal.

In spite of its simplicity our following lemma is crucial.

Lemma 4. Let f ∈ Q[t] be such that f (0) �= 0. Then f frev ∈ R.

Proof. This is a consequence of the properties of −rev listed at the beginning of
this section. Since f (0) �= 0, then f frev has degree equal to 2 deg f and ( f frev)rev

= f frev.
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Our next proposition will characterize the factorization pattern of a reciprocal poly-
nomial in Q[t]. We first observe that if f is any reciprocal polynomial in Q[t], Propo-
sition 2 says that if 1 were a root of f , then it would have even multiplicity, say r . This
would imply that (t − 1)r is reciprocal and hence that f factors as f = (t − 1)r g(t)

with g ∈ Q[t] reciprocal. This reasoning permits us to leave aside the case in which
f (1) = 0.

Proposition 5. Let f ∈ Q[t] be an arbitrary reciprocal polynomial with f (1) �= 0 and
let g be an irreducible factor in Q[t] of f . If g is nonreciprocal, then f = g grev h with
h ∈ Q[t] reciprocal.

Proof. Let g ∈ Q[t] be an irreducible nonreciprocal factor of f . In particular, g is
neither the polynomial t − 1 nor the polynomial t + 1. We have that grev is also irre-
ducible in Q[t]. For every root α of g we know that 1/α is a root of grev. Since f is
reciprocal, 1/α is also a root of f . Hence it turns out that grev is also an irreducible
factor of f (coprime with g) and thus ggrev is a factor of f . Lemma 4 implies that ggrev

belongs to R and hence by Lemma 3 we obtain that f factors as ggrevh with h ∈ Q[t]
reciprocal.

The factor ggrev in Proposition 5 is related to what is usually known as the nonre-
ciprocal part of f . See for instance the paper [6].

We now introduce the notion of irreducibility in the set R which will be important
in our setting.

Definition. We say that f ∈ R is irreducible in R if it does not factor as a product of
two nonconstant polynomials in R.

Under this definition, we see that t2 − 2t + 1 is irreducible in R but not in Q[t].
Hence irreducibility over R does not imply irreducibility over Q[t]. On the contrary,
it is clear that any polynomial f ∈ R that is irreducible in Q[t] is also irreducible in
R. For our combinatorial results it is useful to introduce the following notations:

Irred(R) = { f ∈ R : f is irreducible over R},

Red(R) = { f ∈ R : f is reducible over R}.

As a consequence of Proposition 5, we are able to characterize completely the fac-
torization over Q of an irreducible element f ∈ R.

Corollary 6. Let f ∈ Irred(R). Either f is irreducible in Q[t] or f = aggrev with
g ∈ Q[t] irreducible and a ∈ Q∗.

Corollary 6 implies that Irred(R) splits as R1 ∪ R2 where

R1 ={ f ∈ Irred(R) : f is irreducible over Q},

R2 ={ f ∈ Irred(R) : f = aggrev, a ∈ Q∗, g irreducible over Q}.

We observe that if f ∈ Irred(R) and f (1) = 0, then f = a(t − 1)(−t + 1) and thus
f belongs to R2.
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Remark. In case f ∈ R2 has integer coefficients, as a consequence of Gauss’s lemma,
we may assume that f = aggrev with a ∈ Z and g ∈ Z[t]. In particular, if f is prim-
itive, then f = ±ggrev with g a primitive polynomial. This is important for studying
irreducibility over Q as we may always assume that f is primitive.

3. THE RECIPROCAL SUBSTITUTION METHOD. We now briefly recall the
well-known method for computing the roots of a reciprocal polynomial. Given f ∈ R

of degree 2n, by means of the change of variables x = t + 1/t , we obtain a polynomial
in Q[x] of degree n, whose roots are of the form α + 1/α, with α a root of f . Assuming
that the n roots of the polynomial in x are able to be computed, we then recover the
roots of f by solving n quadratic equations. This is the typical method for computing
the roots of reciprocal polynomials.

In this section we explain the details of what we call the reciprocal substitution
method. This sort of idea is already known in a finite field context (see [9]).

Let f ∈ R be a polynomial of degree 2n. In dense form, f may be expressed as
follows:

f (t) = a0tn +
n

∑

k=1

ak(t
n+k + tn−k)

with a0, . . . , an in Q. By induction on k, it can be shown that t k + 1/t k can be
expressed in terms of x by a unique monic polynomial fk ∈ Z[x] of degree k. These
polynomials can be recursively computed by means of the following recurrence:

fn(x) = x fn−1(x) − fn−2(x), f0(x) = 2, f1(x) = x . (3)

The first terms of recurrence (3) are the polynomials:

f2(x) = x2 − 2, f3(x) = x3 − 3x, f4(x) = x4 − 4x2 + 2, f5(x) = x5 − 5x3 + 5x .

Therefore, since any f ∈ R is uniquely written as

f (t) = a0tn + tn

n
∑

k=1

ak fk

(

t +
1

t

)

,

we deduce that

p = a0 +
n

∑

k=1

ak fk ∈ Q[x]

is the only polynomial satisfying the functional equation

f (t) = tdeg f/2 p(x(t)) with x(t) = t +
1

t
. (4)

This provides an effective way of computing the polynomial p ∈ Q[x] for every f ∈
R. Thus we have a mapping R from R onto Q[x] defined as follows:

R : R → Q[x]

f 	→ a0 + a1 f1 + · · · + an fn.
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In particular, observe that for every k ∈ N we have that

R(t2k + 1) = fk .

In [1], Barbeau introduces the terminology reciprocal equation substitution when
referring to (4). Inspired by this terminology, we will say that the sequence ( fn)n∈N is
the reciprocal substitution sequence and that R is the reciprocal mapping.

The following properties of the reciprocal mapping R are immediately deduced
from (4).

Proposition 7. R satisfies the following properties.

1. R is a bijective mapping.

2. R( f g) = R( f )R(g) for any f, g ∈ R.

We finally show that there exists a matrix context in which we may understand the
reciprocal mapping R. Although R is not a linear mapping since R is not a Q-vector
space, when restricted to the elements of R of degree 2n we are able to give a matrix
representation for R. This is a nice characterization which will enable us to obtain
information about the number of irreducible reciprocal polynomials.

We fix a natural number n. Every f ∈ R having degree 2n can be coded as a coef-
ficient vector of n + 1 coordinates which we denote by [ f ]:

[ f ] = (an, an−1, . . . , a0) ∈ Qn+1, an �= 0.

Consider the (n + 1) × (n + 1)-matrix Rn whose entry ai j is the coefficient of xn−i+1

in the polynomial fn− j+1, except for the entry an+1,n+1 which is equal to 1 (instead
of 2). Under this consideration we reach the conclusion that

[R( f )]t = Rn[ f ]t , (5)

where [R( f )] is the coefficient vector of R( f ) with respect to the monomial basis
{xn, . . . , x2, x, 1}.

The matrix Rn is a lower triangular integer matrix. It is also a unimodular matrix
and thus its inverse R−1

n is also an integer matrix.
For instance if n = 5, the matrix R5 turns out to be

R5 =















1 0 0 0 0 0
0 1 0 0 0 0

−5 0 1 0 0 0
0 −4 0 1 0 0
5 0 −3 0 1 0
0 2 0 −2 0 1















.

Recalling Example 1 from the Introduction, the coefficient vector of the cyclotomic
polynomial �11 is [�11] = (1, 1, 1, 1, 1, 1) and hence the coefficient vector of R(�11)

is obtained by computing the product

[R( f )]t = R5(1, 1, 1, 1, 1, 1)t = (1, 1, −4, −3, 3, 1)t ,

which yields R( f ) = x5 + x4 − 4x3 − 3x2 + 3x + 1.
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4. IRREDUCIBILITY CRITERIA OVER Q. We begin this section by giving a
refinement of the irreducibility criterion presented in Niven’s book. As a matter of
fact, our criterion is a criterion for irreducibility in R and thus we complete the char-
acterization given in Corollary 6.

Proposition 8. Let f ∈ R. Then f is irreducible in R if and only if R( f ) is irre-
ducible in Q[x].

Proof. Let f = f1 f2 be a factorization in R such that 2 ≤ deg fi < deg f for
i = 1, 2. Then R( f ) = R( f1)R( f2) is a factorization in Q[x] such that 1 ≤ deg R( fi) <

deg f/2.
Reciprocally, if R( f ) factors in Q[x], the properties of R imply that f factors in

R.

The statement of Proposition 8 establishes the relationship between irreducibility in
R and in Q[x]. We can reformulate this statement in terms of the reciprocal mapping.
Denoting by Irred(Q) and by Red(Q) the set of irreducible and reducible elements of
Q[x], respectively, we have that

R(Irred(R)) = Irred(Q) and R(Red(R)) = Red(Q). (6)

Example 9. Let f ∈ Z[t] be a monic reciprocal polynomial of degree 4 such that
R( f ) has no rational roots. Following Proposition 8 and Corollary 6 we deduce its
irreducibility over Q except when f = t4 − (b2 + 2)t2 + 1, with b ∈ Z. In this case
we have the factorization f = −ggrev, where g = t2 + bt − 1.

The next example shows that, in general, we cannot determine the irreducibility of
f in Q[t] from that of R( f ) in Q[x].

Example 10. If f = t6 − 3t5 − 3t4 + 11t3 − 3t2 − 3t + 1, then R( f ) = x3 − 3x2

− 6x + 17. The irreducibility of R( f ) over Q is readily seen and hence f is irre-
ducible over R. However, f is not irreducible over Q since it factors as (t3 − 3t + 1)

(t3 − 3t2 + 1). As stated by Corollary 6, we see that f = ggrev with g = t3 − 3t + 1
an irreducible element of Q[t].

At this point we are ready to state our irreducibility criteria for reciprocal polyno-
mials.

Theorem 11. Let f ∈ R be a primitive polynomial and assume that R( f ) is irre-

ducible in Q[x].

1. If | f (1)| or | f (−1)| are not perfect squares, then f is irreducible in Q[t].

2. If f (1) and the middle coefficient of f have different signs, then f is irreducible

in Q[t].

3. If the middle coefficient of f is 0 or ±1, then f is irreducible in Q[t].

Proof. Since R( f ) is irreducible, we have that f is irreducible in R by Proposition
8. Corollary 6 implies that either f is irreducible in Q or, considering that f is prim-
itive, that it factors as f = ±ggrev with g ∈ Z[t] an irreducible polynomial over Q.
Assume that f is not irreducible over Q. We will show that this assumption leads to a
contradiction.
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Since g(1) = grev(1), then | f (1)| = |g(1)|2, contradicting the fact that | f (1)| is not
a perfect square. Similarly, from g(−1) = ±grev(−1) we would have that | f (−1)|
= |g(−1)|2. This shows that 1. is satisfied.

In the case of 2., if f (1) > 0 it turns out that f = ggrev. Writing g = antn

+ an−1tn−1 + · · · + a1t + a0 we observe that the middle coefficient of f is equal
to a2

0 + a2
1 + · · · + a2

n−1 + a2
n . This is not possible as long as this coefficient takes

negative values. A similar argument may be used if f (1) < 0.
Assertion 3 is a direct consequence of the expression for the middle coefficient

given in the proof of 2.

In what follows we give many examples which exhibit the interest of our method.

Example 12. Consider the polynomial f = t8 + 6t7 + 2t6 + 22t5 − 8t4 + 22t3

+ 2t2 + 6t + 1. We have that R( f ) = x4 + 6x3 − 2x2 + 4x − 10. By Eisenstein’s
criterion, R( f ) is irreducible over Q[x]. According to Theorem 11 we conclude that
f is irreducible over Q.

Example 13. Let f ∈ R with coefficients 0 and 1. If R( f ) is irreducible in Q[x], then
we immediately conclude that f is irreducible in Q[t].

Example 14. We consider the following sequence of polynomials in Q[t] for n ≥ 2:

gn(t) =
(t + 1)n − tn − 1

t
.

First we make some general remarks about the polynomials gn . Each gn has degree
n − 2. After expressing gn in dense form

gn(t) =
(

n

1

)

tn−2 +
(

n

2

)

tn−3 + · · · +
(

n

n − 2

)

t +
(

n

n − 1

)

,

and appealing to binomial identities, it is immediate that gn is a reciprocal polynomial.
When n is even, the polynomial gn belongs to R. Setting m := (n − 2)/2, we have
that

R(gn) =
(

n

1

)

fm +
(

n

2

)

fm−1 + · · · +
(

n

n/2 − 1

)

f1 +
(

n

n/2

)

,

where f1, . . . , fm are the first m polynomials of the reciprocal substitution sequence.
Let n = 2p with p an odd prime number. Hence we have

R(g2p) =
(

2p

1

)

f p−1 +
(

2p

2

)

f p−2 + · · · +
(

2p

p − 1

)

f1 +
(

2p

p

)

.

Using the fact that

(

2p

j

)

≡ 0 (mod p), j = 1, . . . , p − 1,

(

2p

mod p

)

�≡ 0 (mod p),

by Eisenstein’s criterion we see that R(g2p)rev is irreducible over Q and hence R(g2p)

is irreducible over Q. Since g2p(1) = 22p − 2 is not a perfect square, our criterion
shows that g2p is irreducible over Q.
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Example 15. Proposition 8 together with Proposition 5 bring the following interesting
fact. Let f ∈ Q[t] be any irreducible polynomial distinct from t . Then frev is also
irreducible and thus the polynomial f frev ∈ R (whose degree is twice the degree of
f ) is irreducible in R. Then the polynomial R( f frev) is an irreducible polynomial in
Q of degree equal to the degree of f . Continuing this process, we obtain a sequence of
irreducible polynomials in Q[t] of degree equal to the degree of f and with coefficients
arbitrarily large. This process gives a sort of irreducible polynomial generator.

5. NUMERICAL BEHAVIOR OF THE RECIPROCAL MAPPING. For our
combinatorial results we need some insight on how the size of the coefficients of R( f )

grows with respect to that of f . Similarly, we address the problem of relating the
size of the coefficients of a given polynomial g and the product ggrev. In this way we
will obtain some interesting results concerning the reciprocal substitution sequence
( fn)n∈N.

Two expressions for the size of f will play a role in our approach. Given
f =

∑n

k=0 ak x k ∈ Q[x], the 1-norm || f ||1 and the max-norm || f ||∞ of f are, respec-
tively, the numbers

|| f ||1 =
∑n

i=0 |ai |,

|| f ||∞ = max{|ai | : i = 0, 1, . . . , n}.

For the reciprocal substitution sequence, we consider the associated integer sequence
(|| fn||1)n∈N of 1-norms. The first terms of this sequence are

|| f0||1 = 2, || f1||1 = 1, || f2||1 = 3, || f3||1 = 4, || f4||1 = 7, || f5||1 = 11.

This shows a coincidence with the sequence of Lucas numbers. We recall that the
sequence of Lucas numbers Ln is defined as follows:

Ln = Ln−1 + Ln−2 and L0 = 2, L1 = 1.

The recurrence (3) defining the reciprocal substitution sequence gives rise to the
following recurrence for || fn||1:

|| fn||1 = || fn−1||1 + || fn−2||1, || f0||1 = 2, || f1||1 = 1, (7)

therefore proving the equality between the sequences.

Proposition 16. The integer sequence (|| fn||1)n∈N is the sequence of Lucas numbers.

With the previous result at hand we next analyze the behavior of || f ||∞ under the
mapping R. To obtain an upper bound on ||R( f )||∞ for any f ∈ R of degree 2n and
having max-norm || f ||∞ ≤ B, it will be convenient to appeal to the matrix represen-
tation Rn of R defined in (5).

According to the usual setting for matrix norms, the max-norm of Rn as an operator
is the number

||Rn||∞ = max
1≤i≤n+1

n+1
∑

j=1

|ai j |.
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Our matrix representation allows us to compute R( f ) by computing the product
Rn[ f ]t and thus we have that

||R( f )||∞ ≤ ||Rn||∞|| f ||∞.

We now obtain an upper bound on the max-norm of Rn taking into account Proposition
16. The following inequality holds for n ∈ N:

||Rn||∞ = max
1≤i≤n+1

n+1
∑

j=1

|ai j | ≤
n+1
∑

j=1

n+1
∑

i=1

|ai j | = 1 +
n

∑

j=1

|| f j ||1 = 1 +
n

∑

j=1

L j .

As a consequence of a classical identity involving Lucas numbers which asserts that
∑n

j=0 L j = Ln+2 − 1, we can conclude that

||R( f )||∞ ≤ ||Rn||∞|| f ||∞ ≤ Ln+2 B.

In this way we have shown the following result.

Proposition 17. Let f ∈ R have degree 2n and || f ||∞ = B. Then

||R( f )||∞ ≤ Ln+2 B.

We still have to state one result concerning the max-norm of the polynomial g given
by Corollary 6. Our next proposition provides information in that direction. It can be
seen as an effective version of this corollary.

Proposition 18. Let f ∈ R2 with integer coefficients have degree 2n and max-
norm || f ||∞ ≤ B. Then the irreducible polynomial g ∈ Z[t] of degree n such that

f = aggrev with a ∈ Z has max-norm ||g||∞ at most
√

B.

Proof. Let g = antn + · · · + a1t + a0 (with an �= 0) and suppose that ||g||∞ = |ai | for
some 0 ≤ i ≤ n. The middle coefficient of f is equal to a(a2

0 + a2
1 + · · · + a2

n) and
this implies that

||g||2∞ = |ai |2 ≤
n

∑

i=0

|ai |2 ≤ || f ||∞ ≤ B.

6. THE NUMBER OF IRREDUCIBLE AND REDUCIBLE RECIPROCAL

POLYNOMIALS. In this section we obtain some upper bounds for the numbers of
elements in Red(R) and Irred(R) in a sense to be clarified. The interesting feature of
this treatment is that reciprocal polynomials may have nonreciprocal factors. However,
we will show that the number of such polynomials is small.

We must remark that there is a well-established tradition of searching for results in
this vein. Again, Filaseta’s notes are a good reference for this item.

Let n be a fixed natural number. Every polynomial of degree n with integer coeffi-
cients may be represented as a point (an, an−1, . . . , a1, a0) of the (n + 1)-dimensional
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lattice Zn+1. For a positive B we consider those lattice points lying in the (n + 1)-cube
[−B, B]n+1:

Sn(B) :=
{

f ∈ Z[t] : deg f = n, || f ||∞ ≤ B
}

.

Thus Sn(B) is the set of polynomials of degree n with integer coefficients in the interval
[−B, B]. It is immediate that the number |Sn(B)| is equal to 2B(2B + 1)n for an
integer B.

There is a sort of classical result concerning the number of reducible polynomials
in Sn(B). In fact, it turns out that the following bound holds:

|Red(Q) ∩ Sn(B)| ≪n Bn log2 B, (8)

where the notation ≪n means that there is a constant depending only on n involved in
the upper bound. This bound apparently first appears in the classical book of George
Pólya and Gabor Szegö [11] as Exercise 266 from Part VIII. We first learned about
this result from Filaseta’s notes [5, Theorem 5.1.1]. Subsequent improvements of (8)
were successively obtained in the papers [3], [8], and [4]. For our needs it is enough to
consider the upper bound stated in (8).

The upper bound given by (8) also provides an upper bound for the proportion:

∣

∣Red(Q) ∩ Sn(B)
∣

∣

∣

∣Sn(B)
∣

∣

≪n

Bn log2 B

2B(2B + 1)n
(B ∈ N). (9)

This proportion tends to 0 as B tends to infinity. In Pólya–Szegö’s words, “the proba-
bility that a polynomial with integral coefficients of given degree is reducible is equal
to 0.” This also usually leads to saying that almost all polynomials in Z are irreducible

over Q.
Our goal is to make use of this result in order to obtain some estimates about the

number of reducible and irreducible reciprocal polynomials.
We consider the set Red(R) ∩ S2n(B), that is to say, the set of reducible reciprocal

integer polynomials of degree 2n and max-norm at most B. Our first result is an upper
bound for the number |Red(R) ∩ S2n(B)|.

Theorem 19. Let B a positive integer. Then

|Red(R) ∩ S2n(B)| ≪n Bn log2 B.

Proof. From (6) and from Proposition 17 we have that

R

(

Red(R) ∩ S2n(B)
)

⊂ Red(Q) ∩ Sn(B ′),

where B ′ = Ln+2 B and thus

|Red(R) ∩ S2n(B)| ≤ |Red(Q) ∩ Sn(B ′)|.

Applying (8) to the right-hand side of the previous inequality, we deduce that

|Red(R) ∩ S2n(B)| ≪n (Ln+2 B)n(log(Ln+2 B))2.

This implies the statement of this proposition up to a multiplicative constant.
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Recalling that any f ∈ R of degree 2n is given by a coefficient vector
[ f ] = (an, an−1, . . . , a1, a0) ∈ Qn+1, with an �= 0, we have that

|R ∩ S2n(B)| = 2B
(

2B + 1
)n

for B ∈ N,

and then from Theorem 19 we obtain the proportion

|Red(R) ∩ S2n(B)|
|R ∩ S2n(B)|

≪n

Bn(log B)2

2B
(

2B + 1
)n , (10)

which tends to 0 for B tending to infinity. Inspired by the usual terminology, we say
that almost all polynomials in R with integer coefficients are irreducible in R.

Remark. We may argue that the hidden constant bound provided by Theorem 19
is a rough one. Our approach consists of imbedding the (n + 1)-dimensional cube
[−B, B]n+1 in the (n + 1)-dimensional cube [−Ln+2 B, Ln+2 B] and that encloses
counting more reducible polynomials than necessary. However, in terms of propor-
tions, what really matters is that it tends to 0 as B tends to infinity.

As a consequence of Corollary 6 we know that Irred(R) = R1 ∪ R2. Our goal is
to show that most of the irreducible polynomials in R are already irreducible in Q[t].
In other words, we will show that R2 has very few elements.

Let f be a polynomial in R2 ∩ S2n(B). First of all, we see that, appealing to our
irreducibility criterion (Theorem 11), we can discard the case B = 1. In this case R2 ∩
S2n(B) turns out to be empty. Thus we can assume that B is an integer greater than or
equal to 2.

Theorem 20. Let B be an integer greater than or equal to 2. Then

∣

∣R2 ∩ S2n(B)
∣

∣ ≤ 4B
√

B(2
√

B + 1)n.

Proof. By Proposition 18 we know that for f ∈ R2 ∩ S2n(B) there exists an irre-

ducible polynomial g ∈ Z[t] with max-norm ||g||∞ ≤
√

B such that f = aggrev for
some nonzero integer a ∈ [−B, B]. By Lemma 4 we have that

∣

∣R2 ∩ S2n(B)
∣

∣ ≤ 2B
∣

∣{ggrev : g ∈ Irred(Q)} ∩ Sn(
√

B)
∣

∣.

Since the following bound holds:

∣

∣{ggrev : g ∈ Irred(Q)} ∩ Sn(
√

B)
∣

∣ ≤ 2
√

B(2
√

B + 1)n

the statement of our theorem easily follows.

As an immediate consequence of Theorem 20, we deduce the following proportion:

∣

∣R2 ∩ S2n(B)
∣

∣

∣

∣R ∩ S2n(B)
∣

∣

≤ 2
√

B

(

2
√

B + 1

2B + 1

)n

≤
2
√

B

(
√

B − 1/2)n
. (11)

This shows that the number of irreducible polynomials in R belonging to R2 is almost
irrelevant with respect to the number of reciprocal polynomials for n ≥ 2. (Recall
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that R2 is empty for B = 1.) Gathering proportions (10) and (11), we come to the
conclusion that most of the polynomials in R ∩ S2n(B) are irreducible over Q when B

tends to infinity.

Theorem 21. Almost all polynomials f ∈ R with integer coefficients are irreducible

over Q.

In summary, when we consider a polynomial in R we must expect that it is an
irreducible polynomial over Q. Thus it is important to have at our disposal criteria for
determining its irreducibility.

7. APPLICATIONS. In this section we apply the reciprocal substitution method and
our irreducibility criteria to study classical examples.

Factorization patterns of Chebyshev polynomials. As a consequence of our approach,
we can easily deal with many facts concerning factorization properties over Q of
Chebyshev polynomials Tn and Un of the first and second kind, respectively.

The reciprocal substitution sequence is related to the sequences Tn and Un . As a
matter of fact, they are related by the following identity:

Tn(x) =
1

2
fn(2x), and Un−1(x) =

1

n
f ′
n(2x) n ∈ N.

In this way, any property concerning the factorization of Tn and Un over the rationals
may be deduced from that of fn and f ′

n .
As we have already pointed out, the definition of the reciprocal mapping R implies

that fn = R(t2n + 1). Moreover, by induction on n it follows that

f ′
n =

{

n ( f1 + f3 + · · · + fn−1) n even

n (1 + f2 + · · · + fn−1) n odd

and hence we deduce that

f ′
n = n R

(

t2(n−1) + t2(n−2) + · · · + t2 + 1
)

.

The factorization of the polynomials t2n + 1 and t2(n−1) + t2(n−2) + · · · + t2 + 1 in Q[t]
is well known. They factor as a product of cyclotomic polynomials of even degree:

t2n + 1 =
∏

d|4n

d∤2n

�d t2(n−1) + t2(n−2) + · · · + t2 + 1 =
∏

d|2n

d �=1,2

�d .

In particular, they factor as a product of irreducible elements in R. Thus, it is immedi-
ate that

fn =
∏

d|4n

d∤2n

R(�d) and
1

n
f ′
n =

∏

d|2n

d �=1,2

R(�d) (12)

are the irreducible factorizations of fn and f ′
n over Q, respectively. From this fact many

well-known properties of the factorization of fn and f ′
n can be derived.
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Example 22. Since tm + 1 is irreducible over Q if and only if m is a power of 2, it
follows that fn is irreducible over Q if and only if n = 2k for k ∈ N. Therefore, this
provides another proof that the Chebyshev polynomial Tn is irreducible over Q if and
only if n = 2k .

In the same vein, we conclude that the Chebyshev polynomial of the second kind
Un−1 is never irreducible over Q for n ≥ 3, since f ′

n is never irreducible over Q for
n ≥ 3.

In summary, taking into account (12) our method solves completely problems like
the following.

• Factoring completely over Q the Chebyshev polynomials of first and second kind.
• Proving divisibility relations between different Tn and Um .
• Computing greatest common divisors such as (Tn, Tm), (Un, Um), and (Tn, Um).

Some of these results, were previously considered in [7], [12], and [13], although by
using other approaches. Our interest is to stress that our approach simplifies the search
for a solution to these problems. Instead of dealing with Tn and Un−1, it is easier to
deal with fn and f ′

n as images by R of products of cyclotomic polynomials.

The minimal polynomials of cos(2π/n) and sin(2π/n). In this section Cn and Sn

will denote the minimal polynomials over Q of 2 cos(2π/n) and 2 sin(2π/n), respec-
tively.

Let ξ := cos(2π/n) + i sin(2π/n) be a primitive nth root of unity and let �n be its
minimal polynomial over Q, i.e., the cyclotomic polynomial of order n. By Proposition
8, it turns out that

Cn = R(�n) ∈ Q[x] (13)

is the minimal polynomial over Q of 2 cos(2π/n) when n ≥ 3. From this it follows
easily that the minimal polynomial (up to a nonzero rational) of cos(2π/n) is equal to
Cn(2x). This is the proof one can find in Niven’s book [10, p. 38]. In the same proof
it is shown that the numbers sin(2π/n) are algebraic over Q by using trigonometric
identities and then the degrees of their minimal polynomials are computed.

In our context, to compute Sn we use the same idea for computing Cn . We simply
have to find an irreducible reciprocal polynomial having sin(2π/n) + i cos(2π/n) as
a root. Hence, Sn will be the image under R of this sought polynomial.

We consider the complex number

i ξ̄ = sin(2π/n) + i cos(2π/n).

Since i ξ̄ is a primitive root of unity for a suitable m, its minimal polynomial over Q will
be a certain cyclotomic polynomial. We denote by �n the minimal polynomial over Q
of i ξ̄ . To compute �n it is necessary to determine the order of i ξ̄ as a primitive root.

Proposition 23. Let n be a natural number. The minimal polynomial �n of i ξ̄ is com-
puted as follows.

1. If n is odd, then �n = �4n .

2. If n = 2m with odd m, then �n = �2n .

3. If n = 4m with odd m �= 1, then �n = � n
2

and for n = 4, �4 = �1.

4. If n = 8m with odd m, then �n = �n .
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As a consequence of Proposition 23 we can assure that Sn = R(�n) is the minimal
polynomial over Q of 2 sin(2π/n).

Proposition 24. Let n be a natural number. Then the minimal polynomial Sn of
2 sin(2π/n) is computed as follows.

1. If n is odd, then Sn = R(�4n).

2. If n = 2m with odd m, then Sn = R(�2n).

3. If n = 4m with odd m �= 1, then Sn = R(� n
2
) and for n = 4, S4 = R(�1).

4. If n = 8m with odd m, then Sn = R(�n).

This approach exploits the ideas of Niven [10] providing a complementary treat-
ment to the many existing references. For instance, compare with [2], where Sn is
computed for primes values of n.

8. CONCLUSIONS AND OPEN PROBLEMS. In this article we have intended
to show how the reciprocal substitution method might constitute a systematic way of
studying problems involving factorization of reciprocal polynomials over the rationals.
In this sense we have obtained two irreducibility criteria, combinatorial results on the
number of reducible and irreducible reciprocal polynomials, and have also shown how
to deal with some classical families of polynomials.

Observe that our approach could be used to design algorithms for factoring recip-
rocal polynomials. To the best of our knowledge, the “time-cost” of factoring primi-
tive polynomials f ∈ Z[t] of degree n with an efficient algorithm is of order C( f ) =
nu + nv log2 || f ||∞, with u ≥ v + 1 ≥ 3 (see, e.g., [14]). However, when the input is
a reciprocal polynomial, these algorithms do not take advantage of this fact. Next we
outline an algorithm for factoring primitive reciprocal polynomials in R.

1. Compute R( f ) as a matrix-vector product.

2. Factor the primitive polynomial R( f ) of degree n and ||R( f )||∞ ≤ Ln+2 B using
a standard algorithm.

3. Recover the irreducible integer factors in R by multiplying by R−1
n .

Roughly speaking, the outlined algorithm computes the irreducible factors in R with
time-cost of order nu + nv(log2 Ln+2 + log2 B). This procedure runs asymptotically 2u

times faster than directly factoring f with a standard algorithm. Observe that thanks
to the reciprocal mapping we factor polynomials of degree n instead of degree 2n.

This procedure gives at first the irreducible factorization of f in R. Thus it remains
to determine if the irreducible reciprocal factors of f belong to R1 or R2. Our count-
ing results show that the case is that they must belong to R1. Therefore, for most
polynomials the factorizations in R and Z[t] coincide.

For instance, in [6, Lemma 2] it is proved that a 0, 1-reciprocal polynomial has no
nonreciprocal factors. Hence, our algorithm provides the factorization in Z[t] of any
0, 1-reciprocal polynomial.

It remains open the detailed analysis of this algorithm from the points of view of
worst-case and average-case complexity.
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Seventy-Five Years of the Putnam
Mathematical Competition∗

Joseph A. Gallian

Abstract. We review the 75-year history of the world’s foremost college-level mathematics

competition. Evidence is provided to support the assertion that exceptional performance in

premier secondary-school-level and college-level mathematics competitions correlates well

with an exceptional research career in mathematics.

1. INTRODUCTION. The annual William Lowell Putnam Mathematical Competi-
tion for undergraduate mathematics students in the United States and Canada spon-
sored by the Mathematical Association of America (MAA) began in 1938 with 163
individuals and 42 teams. One of the goals of the competition is to identify the best
and most promising students in mathematics in the two countries. Prizes in the first
few years were $500, $300, and $200 for the top three teams and $50 each for the top
five ranking individuals, who were designated as Putnam Fellows. By the year 1997,
the prizes for the top five teams had risen to $25,000, $20,000, $15,000, $10,000,
and $5,000, while team members of the top five teams received $1,000, $800, $600,
$400, and $200, respectively. Each Fellow received $2,500, those ranking in the next
ten (because of ties this is approximate) received $1,000, and those in the follow-
ing 10 received $250. Moreover, each year, one Putnam Fellow received the William
Lowell Putnam Fellowship for graduate study at Harvard. The number of participants
exceeded 1,000 for the first time in 1961 when 1,094 individuals and 165 teams took
part. In the 75th competition in 2014, there were 4,320 participants and 431 teams.
Through 2014, 140,314 people have taken the exam.

In the first 22 competitions, the number of problems varied from 11 to 14, but
beginning with the 23rd competition in 1962, the exams have had 12 problems worth
ten points apiece. Institutions entering teams must designate the three team members
before the competition is held. The team score is the sum of the ranks of the three
team members. Points in the range 3–7 are rarely, if ever, given. Although the first two
problems of each session are intended to be approachable by large numbers of partici-
pants, the most recent year when the median score was above 3 was 1998. Moreover,
a median score of 0 is not uncommon.

The fact that the team members are designated in advance and the method of sum-
ming the ranks for team scoring cause some peculiar results on occasion. In 1959, for
instance, Harvard had four Putnam Fellows but finished fourth in the team competi-
tion, and in 1966, 1970, 2005, and 2006, MIT had three Putnam Fellows but did not
win the competition.

2. TEAM PERFORMANCE. By a wide margin, Harvard has the best record in
the Putnam competition. Through 2014, Harvard has won the team competition 29
times, while its closest rival for team titles, Caltech, has won ten times. MIT is in

∗This is an updated and supplemented version of [1] published in 2004. See [2] for more on the Putnam

competition.
http://dx.doi.org/10.4169/amer.math.monthly.124.1.54
MSC: Primary 01A05, Secondary 00A05
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third place with eight titles, with four of these coming since 2003. [Editor’s note:
MIT won its ninth team title in 2015.] Tied for fourth place with four team titles each
are Washington University and the University of Toronto. All four of Toronto’s team
titles occurred in the first six years of the competition. Harvard is tied with MIT and
Princeton for the most second place finishes (11), and Harvard also has the most third
place finishes (13).

Curiously, the Harvard team did not place in the top five in the first six competitions,
but it has placed in the top five in 59 of the 75 competitions held through 2014. Cal-
tech’s glory years were the six years 1971–1976 when they won the team competition
five times. Excluding Harvard, only once has the same institution won three years in a
row. That was Caltech in 1971–1973. Between 1976 and 1986, Washington University
won the team title four times and placed second four times. During that period, Wash
U had only two Putnam Fellows. Between 1990 and 2000, Duke became Harvard’s top
rival by winning three times and finishing second to Harvard twice. After finishing in
the top five 24 times and in second place nine times prior to 2006, Princeton won its
first and only team title in 2006 despite having 21 Putnam Fellows.

The only state universities in the U. S. to win the team competition are Michigan
State (three times) and the Universities of California at Davis (once) and at Berkeley
(once). The highest place ever achieved by a liberal arts college was second by Oberlin
College in 1972 beating out third place Harvard. That same year, Swarthmore finished
fourth, ahead of MIT. Harvard’s longest winning streak was eight years (1985–1992),
and its longest stretch without winning was 15 years (1967–1981). The only tie for first
place occurred in 1984 between the University of California at Davis and Washington
University. Amazingly, in 1986, 1987, and 1990, every member of Harvard’s team was
a Putnam Fellow.

A complete list of the top five schools and top five individuals each year can be
found at http://en.wikipedia.org/wiki/Putnam_competition.

3. INDIVIDUAL ACCOLADES. As for producing Putnam Fellows, Harvard is
again the overwhelming winner with 104 versus MIT’s second place 65. On the other
hand, between 2001 and 2014, MIT outdid Harvard in Putnam Fellows 34 to17. Har-
vard has had four Putnam Fellows in the same competition on four occasions. MIT had
an unprecedented five Putnam Fellows in 2014 (because of a three-way tie for fourth
place, there were six Putnam Fellows in 2014) and four Putnam Fellows in 2013.
Oddly, Harvard did not record its first Putnam Fellow until the sixth competition.
Since then, the longest period in which Harvard did not have a Putnam Fellow is three
years, and that happened only once. With the exception of 2004, Harvard has had a
Putnam Fellow every year since 1990. Because of tie scores, in 15 competitions, there
have been six Putnam Fellows, while in 1959 a four-way tie for fifth place resulted
in eight. Fourteen of the 16 competitions in which there were more than five Putnam
Fellows have occurred since 1970. Through 2014, there have been 283 individuals
who have been Putnam Fellows, for a total of 393, counting multiplicity. Only eight
people—Don Coppersmith, Arthur Rubin, Bjorn Poonen, Ravi Vakil, Gabriel Carroll,
Reid Barton, Daniel Kane, and Brian Lawrence—have been Putnam Fellows four
times. Twenty-one people have been three-time winners: Andrew Gleason, Edward
Kaplan, Donald J. Newman, James Herreshoff, Samuel Klein, Randall Dougherty,
Eric Carlson, David Ash, Noam Elkies, David Moews, David Grabiner, Kiran Ked-
laya, Lenny Ng, J. P. Grossman, Ciprian Manolescu, Aaron Pixton, Arnav Tripathy,
Yufei Zhao, Xiaosheng Mu, Evan O’Dorney, and Zipei Nie. Zhao missed being a
four-time Fellow by one point in 2007. In Ash’s fourth attempt at the Putnam in 1984,
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he finished tied for sixth, just two points short of being a Putnam Fellow for a fourth
time. It should be noted that some of the three-time winners only took the exam three
times. Barton is the only person ever to win four gold medals in four attempts in the
International Mathematical Olympiad for high school students. Barton also won two
gold medals in the International Olympiad in Informatics. O’Dorney won the U. S.
National Spelling Bee.

Of the 283 individuals who have been Putnam Fellows, 75 (about 27%) were Fel-
lows more than once. It appears that there have never been two members of the same
immediate family who have been Putnam Fellows. The first certain occurrence of a
woman finishing in the Honorable Mention or higher categories was in 1948. In the
announcement in this MONTHLY [3] she is listed as “M. Djorup (Miss), Ursinus Col-
lege.” Because many participants use the initials of their first and middle names (e.g.,
R. P. Feynman), it is possible that Djorup is not the first woman to achieve Honorable
Mention or better status. The first woman Putnam Fellow was Ioana Dumitriu from
New York University in 1996; the second was Melanie Wood from Duke in 2002; the
third was Ana Caraiani from Princeton in 2003 and 2004. Since the ages of partici-
pants are not noted, there is no way to know who the youngest and oldest people to
win the competition were. Most likely, the youngest is Arthur Rubin, who was a win-
ner in 1970 at age 14. John Tillinghast, David Ash, Noam Elkies, and Lenny Ng were
Putnam Fellows at 16.1 The likely oldest winner is Samuel Klein, who was born in
1934 and won the competitions in 1953, 1959, and 1960.

Unlike the early years of the Putnam competition, in the past 35 years or so, many of
those who have done exceptionally well in the Putnam competition have participated
as high school students in problem solving summer training camps in the United States
and elsewhere in preparation for the annual International Mathematical Olympiad
(IMO). The IMO competition started in 1959. Now, about 100 countries take part, with
each country allowed to have up to six competitors participate. Unlike the Putnam,
which limits each participant to at most four contests, there is no limit on the number
of times one person can participate in the IMO. The problems require no calculus or
higher mathematics. About 8% of the participants receive gold medals (roughly 40),
16% silver, and 24% bronze. The competition takes place over two days with each
three-problem session lasting 4.5 hours. In recent years, many of the international stu-
dents who represented their countries in the IMO have come to the United States for
their undergraduate degrees. As a consequence, the winners of Putnam competitions
now come from many countries. The 2006 Putnam competition illustrates this well.
All five 2006 Putnam winners were IMO gold medal recipients, and 12 of the top 26
scorers in competition represented countries other than the United States or Canada in
the IMO. In 2007, five of the six Putnam Fellows were IMO gold medalists, and nine
of the top 24 in the Putnam competition represented countries other than the United
States or Canada in the IMO. Between 2010 and 2014, all but one Putnam Fellow was
an IMO gold medalist.

Over the 75 competitions between 1938 and 2014, there have been only four perfect
scores—one in 1987, two in 1988, and one in 2010. Although the top five scorers are
always listed alphabetically, it is known that the 1987 perfect score was achieved by
David Moews. What is amazing about this score is that the 1987 exam was a diffi-
cult one. The median score was one point, and 26 points put one in the top 200 (out
of 2,170 participants). In 1987, the second-highest score was 108, the third-highest
score in 1988 was 119, and the second-highest in 2010 was 118. The winners of the
1987 and 1988 competitions rank among the strongest groups of Putnam Fellows ever.

1[1] had Elkies as the youngest winner known then.
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Among them are Bjorn Poonen and Ravi Vakil, both four-time Putnam Fellows; David
Moews and David Grabiner, both three-time Putnam Fellows; and Mike Reid, a two-
time Putnam Fellow. In contrast to the 1988 scores, of the 1,260 contestants in the
1963 competition, the highest score was 62.

Two changes were made in 1992 regarding the recognition of individuals. In pre-
vious competitions, the announcements of winners alphabetically identified the top
ten as the five highest ranking participants and the next five highest. The next group
of 30–35 highest ranking people was designated “Honorable Mention.” In 1992, the
announcement of the results put the top 25 into four categories: the five highest ranking
individuals, the next five highest, then the next five highest, and the next ten highest.
Beginning in 1997, the top 25 (approximately) finishers were put into three categories:
the five highest ranking individuals, the next ten highest, then the next ten highest.
The number in the Honorable Mention group remained at about 30–35. In an effort to
encourage more women to take the contest, the other change made in 1992 was the
addition of an “Elizabeth Lowell Putnam Award” given from time to time to a female
participant with a high score. Through 2014, there have been 11 individual winners.
Of these, Ioana Dumitriu and Alison Miller won it three times, and Ana Caraiani and
Melanie Wood won it twice. The 2004 competition was a high-water year for women.
In addition to Caraiani and Miller, two other women finished in the top 15, four more
received Honorable Mention, and another 11 finished in the top 200. Two of Prince-
ton’s three-member team, which was second to MIT, were women.

For most of the years between the late 1940s and the early 1990s, Harvard far out-
paced all others schools in the number of individuals receiving Honorable Mention
status or higher. In 1991, Harvard had 11, and MIT had just one in that group. By
1993, MIT narrowed the margin to 8–6 in favor of Harvard. The first time that MIT
surpassed Harvard was 1998 with the totals 11–9. In recognition of the significantly
increasing number of participants, between 2002 and 2014, the number of those desig-
nated Honorable Mention has gradually increased from approximately 45 to 60. Since
1998, MIT has widened its edge over Harvard in the number of individuals receiving
Honorable Mention status or higher with the widest margin of 34–6 occurring in 2012.
In part, the recent disparity between MIT and Harvard is due to the fact that MIT has
about four times as many math majors as Harvard. Among the ten institutions in the
2012 competition that had the greatest number of people to achieve Honorable Men-
tion or higher status, the number from MIT exceeded the total of the other nine. Of
the top 201 finishers in 2013, 57 were from MIT. During the years 2012–2014, MIT
had 12 Putnam Fellows, Harvard had four, and all other schools combined had zero.
Despite MIT’s deep pool of talent, between 1998 and 2014, Harvard won the team
competition eight times to MIT’s five times. In 2012, MIT had 12 who placed in the
top 25 to Harvard’s three, but only one MIT team member was in the top 25, whereas
Harvard had two team members in the top five. That put Harvard in first place and MIT
in second.

4. A PUTNAM WHO’S WHO. Over the years, many distinguished mathematicians
and scientists have participated in the Putnam. Among them are Fields Medalists John
Milnor, David Mumford, Daniel Quillen, Paul Cohen, John G. Thompson, and Man-
jul Bhargava. Milnor, Mumford, and Quillen were Putnam Fellows; Cohen was in
the second five; Thompson received Honorable Mention; Bhargava was in the top 25.
Physics Nobel Laureates who have received Honorable Mention or better are Richard
Feynman, a Putnam Fellow in 1939; Kenneth G. Wilson, a two-time Putnam Fel-
low; Steven Weinberg; and Murray Gell-Mann. The Nobel Prize winner in Economics
John Nash (of “A Beautiful Mind” fame), to his great disappointment, finished in the
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second five of 147 individuals in 1947. Thompson won the $1,000,000 Abel Prize in
2008, Milnor won it in 2011, and Nash won it in 2015. Eric Lander, one of the prin-
cipal leaders in the Human Genome Project, finished in the second five in 1976. Both
Mumford and Lander are MacArthur Fellows. Craig Gentry, 1993 Putnam Fellow, is
a MacArthur Fellow. Distinguished computer scientist Donald Knuth received Hon-
orable Mention in 1959. American Mathematical Society presidents who did well in
the Putnam are Irving Kaplansky (Putnam Fellow, 1938), Andrew Gleason (Putnam
Fellow, 1940, 1941, 1942), Felix Browder (Putnam Fellow, 1946), David Vogan (Put-
nam Fellow, 1972), and AMS (American Mathematical Society) and MAA President
Ron Graham (Honorable Mention, 1958). Putnam Fellows in the National Academy of
Sciences include Elwyn Berlekamp, Felix Browder, Eugenio Calabi, Andrew Gleason,
Melvin Hochster, Roger Howe, Irving Kaplansky, George W. Mackey, John W. Milnor,
David Mumford, Daniel G. Quillen, Lawrence A. Shepp, Peter W. Shor, Richard G.
Swan, David Vogan, and Kenneth G. Wilson. Cohen, Browder, Thompson, and Mum-
ford are National Medal of Science laureates. Many others who have done well in
the Putnam have won the prestigious research awards given by the AMS. The 1956
Harvard team had both a future Nobel Prize winner (Wilson) and a future Fields
Medalist (Mumford). Both were Putnam Fellows that year, and Harvard’s team fin-
ished first.

One might wonder how the winners of the AMS/MAA/SIAM (Society of Applied
and Industrial Mathematicians) Morgan Prize for outstanding research by an under-
graduate student have done in the Putnam Competition. Of the 20 recipients through
2015, Wood, Barton, Kane, Manolescu, Pixton, and Larson have been Putnam Fellows.
Three-time Putnam Fellows Kedlaya, Ng, and Zhao received Honorable Mention for
the Morgan Prize.

5. AN IMO WHO’S WHO. The previous section makes a strong case that excep-
tional performance on the Putnam often correlates well with exceptional distinction in
research. Because the Putnam competition is restricted to students attending U. S. and
Canadian institutions, it is worth examining the connection between performance on
the International Mathematical Olympiad (IMO) and research. Indeed, many top per-
formers in the IMO have had distinguished research careers. Six of the past 12 Fields
Medal winners were IMO medal winners with five of the six winning gold medals
and four achieving perfect scores. Among the notable IMO performers are: Maryam
Mirzakhani two gold, a perfect score, 2014 Fields Medal; Artur Avila one gold, 2014
Fields Medal; Terence Tao one bronze (age 11), one silver (age 12), one gold (age 13),
2006 Fields Medal, $3,000,000 2014 Breakthrough Prize; László Lovász three golds,
one silver, two perfect scores, winner of Kyoto, Wolf, von Neumann, Gödel, Knuth
Prizes; Grigori Perelman one gold, perfect score, 2006 Fields Medal (declined), 2010
$1,000,000 Millenium Prize (declined); Timothy Gowers IMO gold, perfect score,
1998 Fields Medal; Richard Borcherds IMO one gold, one silver, 1998 Fields Medal;
Jean-Christophe Yoccoz IMO one gold, perfect score, one silver, 1994 Fields Medal;
Stanislaw Smirnov IMO two gold, two perfect scores, 2010 Fields Medal; Vladimir
Drinfeld IMO one gold, perfect score, 1990 Fields Medal; and Jacob Lurie IMO one
gold, perfect score, one silver, Morgan Prize, $3,000,000 2014 Breakthrough Prize,
MacArthur Fellow.

Of course, it is people in their teens or early 20s who focus on mathematics com-
petitions, whereas the large majority of world-class mathematicians blossom in their
late 20s or beyond. Still, these premier competitions have served to identify many of
the very best and most promising students in mathematics.
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A Novel Way to Prove the Irrationality of
√

2

We present an interesting and simple way to prove the irrationality of
√

2.

Theorem.
√

2 cannot be represented as a ratio of two integers.

Proof. Let f (x) = x−1 −
⌊

x−1
⌋

. For any positive rational number a
b

, we can

express f ( a
b
) as b mod a

a
.

If we assume that a
b

is reduced to lowest terms, i.e., gcd(a, b) = 1, the fraction
b mod a

a
is also reduced to lowest terms. Since the numerator of the second fraction is

always less than the numerator of the first and they both are reduced to lowest terms,

we can conclude that these fractions are different: f
(

a
b

)

�= a
b

.

To calculate the value of f (
√

2 − 1) we use the fact that 1√
2−1

=
√

2 + 1:

f (
√

2 − 1) =
√

2 + 1 −
⌊√

2 + 1
⌋

=
√

2 − 1.

This calculation implies that there is no rational number a
b

=
√

2 − 1.

Underlying this proof is the fact that the continued fraction representation of
√

2

is periodic and has a period length of one. More generally, this argument can be used

to prove that any number of the form
√

n2 + 4 is irrational for n > 0.

—Submitted by Saveliy Ustuzhanin
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On a 2015 Putnam Problem Related to a
Double Recursion

Nicolae Anghel

Abstract. We generalize a 2015 Putnam competition problem via a binomial-type double

recursion.

One of the 2015 Putnam competition [4] problems asked for the evaluation of

log2

(
2015∏

a=1

2015∏

b=1

(
1 + e(2πab/2015)

√
−1

))
. (1)

(1) is clearly related to the computation of the more general multiple product

q∏

k1=1

q∏

k2=1

· · ·
q∏

kn=1

(
1 + ωk1k2···kn

)
, (2)

where q and n are positive integers and ω is a qth root of unity, i.e., a complex number
such that ωq = 1.

While it may not be immediately obvious, the evaluation of (2) is intimately related
to the solution of the linear double recursion

am+1,n+1 = am+1,n + am,n+1, m, n nonnegative integers, (3)

subject to the initial conditions

am,0 = 0, a0,n = an−1, a > 1 fixed real number, m, n ≥ 1. (4)

The purpose of this article is to solve the double recursion (3) subject to the initial
data (4), and then to apply the solution to the evaluation of the multiple product (2).
Actually we will present two forms for the solution of the double recursion, suitable
for concrete calculations when m and n are small, respectively.

Theorem 1. The unique solution of the binomial-like linear double recursion (3), sub-

ject to the initial conditions (4), is given by

am,n =
am+n−1

(a − 1)m
−

1

a2

m−2∑

i=0

(
n + i

n

)(
a

a − 1

)m−i

−
1

a − 1

(
m + n − 1

n

)
. (5)

Equivalently, it is also given by

am,n =
1

a

n−1∑

i=0

(
m + n

i

)
(a − 1)n−i +

1

a

(
m + n − 1

m

)
. (6)
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MSC: Primary 97F50, Secondary 97F60

60 c© THE MATHEMATICAL ASSOCIATION OF AMERICA [Monthly 124



Proof. One can check directly that (5) or (6) are solutions; however, it is far more
satisfactory to discover them through logical deduction. For starters, the binomial feel
of (3) clearly shows, via the Pascal’s identity, that the members of the families of
binomial coefficients, indexed by an integer j , not necessarily nonnegative,

{(
m + n + j

m

)}

j∈Z

, or

{(
m + n + j

n

)}

j∈Z

(7)

are all solutions of (3).
Here, and further below, we customarily denote for a real number x and a nonneg-

ative integer k, by
(

x

k

)
the binomial-related expression

(
x

k

)
=:

{
x(x−1)···(x−k+1)

k!
, if k > 0

1, if k = 0.

The superposition principle [5] then provides more elaborate solutions of (3) than
those given by (7).

For instance, for a real number α, α
(

m+n−1

n

)
gives a solution of (3) with initial

conditions

am,0 = α, a0,n = 0, m, n ≥ 1. (8)

In order to match the more interesting part of (4) involving a0,n = an−1, we seek now
a solution of (3) of type

∞∑

i=0

ci

(
m + n + i

n

)
, (9)

where the coefficients ci and the requisite infinite series convergence will follow from
the prescription

∞∑

i=0

ci

(
n + i

n

)
= an−1, n ≥ 1. (10)

Since
(

n+i

n

)
=

(
n+i

i

)
for nonnegative integers n and i , (10) is implied by, and in fact

equivalent to,

∞∑

i=0

ci

(
x + i

i

)
= ax−1, x any real number. (11)

However, when a > 1, 0 < (a − 1)/a < 1, and a familiar binomial expansion [6]
gives, for any real number x ,

ax+1 =
(

1 −
a − 1

a

)−x−1

=
∞∑

i=0

(−1)i

(
−x − 1

i

)(
a − 1

a

)i

=
∞∑

i=0

(
x + i

i

)(
a − 1

a

)i

.
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It follows that (11) holds for

ci =
(a − 1)i

ai+2
, i ≥ 0, (12)

and a routine application of the ratio test [6] also proves the convergence of (9) for the
values of ci specified by (12).

Therefore,

∞∑

i=0

(
m + n + i

n

)
(a − 1)i

ai+2
(13)

is a solution of (3) satisfying the initial conditions

am,0 =
∞∑

i=0

(a − 1)i

ai+2
=

1

a
, a0,n = an−1, m, n ≥ 1. (14)

One last superposition, based on (8) for α = −1/a and (13), (14), shows that

∞∑

i=0

(
m + n + i

n

)
(a − 1)i

ai+2
−

1

a

(
m + n − 1

n

)
(15)

is the sought after solution of (3), subject to (4).
All that remains to be done is to match (15) with (5) and (6). To this end, consider

the function

fm,n(x) =:
1

n!

xm+n

1 − x
=

1

n!

∞∑

i=0

xm+n+i , x real, |x | < 1. (16)

Doing term-by-term differentiation (see [6]) n times on the power series representation
of fm,n(x) we get

f (n)
m,n(x) = xm

∞∑

i=0

(
m + n + i

n

)
x i , (17)

and so by setting x = (a − 1)/a in (17), (15) becomes

am−2

(a − 1)m
f (n)
m,n((a − 1)/a) −

1

a

(
m + n − 1

n

)
. (18)

Finally, two different ways of calculating f (n)
m,n((a − 1)/a) in (18) will simplify the

value of (15).
For the first way, express fm,n(x) as

fm,n(x) =
1

n!

1 − (1 − xm+n)

1 − x
=

1

n!(1 − x)
−

1

n!

(
m+n−1∑

i=0

x i

)
.
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Then

f (n)
m,n(x) =

1

(1 − x)n+1
−

m−1∑

i=0

(
n + i

n

)
x i ,

and, as a consequence, (18) becomes

am+n−1

(a − 1)m
−

1

a2

m−1∑

i=0

(
n + i

n

)(
a

a − 1

)m−i

−
1

a

(
m + n − 1

n

)

=
am+n−1

(a − 1)m
−

1

a2

m−2∑

i=0

(
n + i

n

)(
a

a − 1

)m−i

−
1

a − 1

(
m + n − 1

n

)
,

which is (5).
For the second way, differentiate fm,n(x) according to the Leibniz rule [6]:

f (n)
m,n(x) =

1

n!

n∑

i=0

(
n

i

) (
xm+n

)(i)

(
1

1 − x

)(n−i)

=
1

n!

n∑

i=0

(
n

i

)
(m + n)(m + n − 1) · · · (m + n − i + 1)xm+n−i (n − i)!

(1 − x)n−i+1

=
n∑

i=0

(m + n)(m + n − 1) · · · (m + n − i + 1)

i!

xm+n−i

(1 − x)n−i+1

=
xm

1 − x

n∑

i=0

(
m + n

i

) (
x

1 − x

)n−i

.

After setting x = (a − 1)/a above, (18) becomes

1

a

n∑

i=0

(
m + n

i

)
(a − 1)n−i −

1

a

(
m + n − 1

n

)

=
1

a

n−1∑

i=0

(
m + n

i

)
(a − 1)n−i +

1

a

(
m + n − 1

m

)
,

which is the desired expression (6).

We return now to the consideration of the multiple product (2). Recall that a qth

root of unity ω is called primitive if ω j �= 1, 1 ≤ j ≤ q − 1. For instance, e(2π/q)
√

−1

is a primitive qth root, all qth roots of unity are of type e(2π j/q)
√

−1, 1 ≤ j ≤ q, and
the primitive ones correspond to those j’s that are relatively prime to q (see either [1]
or [2]).
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Lemma 1. For a positive integer q, let ω be any qth root of unity.

(a) If ω is primitive, then

q∏

k=1

(
1 + ωk

)
=

{
2, if q is odd

0, if q is even.
(19)

(b) In general,

q∏

k=1

(
1 + ωk

)
=

{
2q/ord(ω), if ord(ω) is odd

0, if ord(ω) is even,
(20)

where ord(ω) denotes the order of ω [2] in the multiplicative group of qth roots of

unity. Moreover, when ord(ω) is odd and ω = θ l for some θ primitive qth root of unity

and some positive integer l, then

q∏

k=1

(
1 + ωk

)
=

q∏

k=1

(
1 + θ lk

)
= 2gcd(l,q), (21)

where gcd(l, q) stands for the greatest common divisor of l and q.

Proof. (a) Since ω is primitive the distinct roots of the polynomial P(z) = zq − 1 are
ω, ω2, . . . , ωq−1, ωq = 1, and so we have zq − 1 =

∏q

k=1

(
z − ωk

)
. Setting z = −1 in

this last equation gives (−1)q − 1 =
∏q

k=1

(
−1 − ωk

)
= (−1)q

∏q

k=1

(
1 + ωk

)
. Based

on the parity of q this is equivalent to (19).
(b) By the definition of order, ω is a primitive qωth root of unity, for qω =: order(ω).

Then

q∏

k=1

(
1 + ωk

)
=

q/qω−1∏

j=0

qω( j+1)∏

k=qω j+1

(
1 + ωk

)

=
q/qω−1∏

j=0

qω∏

k=1

(
1 + ωqω j+k

)
=

q/qω−1∏

j=0

qω∏

k=1

(
1 + ωk

)
.

(22)

(20) now follows from (19).
If d = gcd(l, q), then l = dl ′ and q = dq ′, with l ′ relatively prime to q ′. We have(

θ l
)q ′

= 1 and in fact q ′ = order(θ l), since q divides a product of type l j if and only
if q ′ divides j . As q/q ′ = gcd(l, q), (21) follows from (20) in the odd case.

Lemma 2. Let q be a positive integer, and let ω be a qth root of unity with order qω.

(a) The multiple product (2) is equal to




qω∏

k1=1

qω∏

k2=1

· · ·
qω∏

kn=1

(
1 + ωk1k2···kn

)



(
q

qω

)n

. (23)
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(b) If Sq is the set of all ordered n-tuples of integers (k1, k2, . . . , kn), 1 ≤ k1, k2, . . . , kn

≤ q, such that q divides the product k1k2 · · · kn , then

|Sq | =

{
1, if n = 1∑q

k1=1

∑q

k2=1 · · ·
∑q

kn−1=1 gcd(k1k2 · · · kn−1, q), if n > 1,
(24)

where |Sq | is the cardinality of Sq . Moreover,

|Sq1q2
| = |Sq1

||Sq2
|, (25)

if q1 and q2 are two relatively prime positive integers.

Proof. (a) Indeed, since the order of ω is qω, the claim follows by applying the proce-
dure exhibited in (22) n times. Concretely,

q∏

k1=1

q∏

k2=1

· · ·
q∏

kn=1

(
1 + ωk1k2···kn

)

=




q/qω−1∏

j1=0

qω( j1+1)∏

k1=qω j1+1







q/qω−1∏

j2=0

qω( j2+1)∏

k2=qω j2+1


 · · ·




q/qω−1∏

jn=0

qω( jn+1)∏

kn=qω jn+1


(

1 + ωk1k2···kn
)

=




q/qω−1∏

j1=0

qω∏

k1=1







q/qω−1∏

j2=0

qω∏

k2=1


 · · ·




q/qω−1∏

jn=0

qω∏

kn=1


 (

1 + ω(qω j1+k1)(qω j2+k2)···(qω jn+kn)
)

=




q/qω−1∏

j1=0

q/qω−1∏

j2=0

· · ·
q/qω−1∏

jn=0







qω∏

k1=1

qω∏

k2=1

· · ·
qω∏

kn=1


(

1 + ωk1k2···kn
)

=




qω∏

k1=1

qω∏

k2=1

· · ·
qω∏

kn=1

(
1 + ωk1k2···kn

)



(
q

qω

)n

.

(b) The claim is obvious for n = 1. If n > 1, for a fixed (k1, k2, . . . , kn−1),
1 ≤ k1, k2, . . . , kn−1 ≤ q, denote by Sq(k1, k2, . . . , kn−1) the subset of Sq consist-
ing of all those elements whose first n − 1 components are exactly (k1, k2, . . . , kn−1).
Since these subsets indexed by (k1, k2, . . . , kn−1) form a partition of Sq ,

|Sq | =
q∑

k1=1

q∑

k2=1

· · ·
q∑

kn−1=1

|Sq(k1, k2, . . . , kn−1)|.

However, |Sq(k1, k2, . . . , kn−1)| = gcd(k1k2 · · · kn−1, q). Indeed, if

gcd(k1k2 · · · kn−1, q) =: d and k1k2 · · · kn−1 = dk ′, q = dq ′,

then q divides k1k2 · · · kn−1kn if and only if q ′ divides kn . There are exactly d multiples
of q ′ that do not exceed q, and they make up the last component of the elements of
Sq(k1, k2, . . . , kn−1).
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Assume now that q1 and q2 are relatively prime. We can identify any k,
1 ≤ k ≤ q1q2, with the pair (k ′, k ′′), 1 ≤ k ′ ≤ q1, 1 ≤ k ′′ ≤ q2, k ′ ≡ k(mod q1),
k ′′ ≡ k(mod q2). Equation (25) now follows. From (24) by observing that

gcd(k1k2 · · · kn−1, q1q2) = gcd(k ′
1k ′

2 · · · k ′
n−1, q1) gcd(k ′′

1 k ′′
2 · · · k ′′

n−1, q2).

Theorem 2. Let q and n be positive integers and let ω be a qth root of unity. Then

q∏

k1=1

q∏

k2=1

· · ·
q∏

kn=1

(
1 + ωk1k2...kn

)
=

{
2(q/ord(ω))n�ord(ω), if ord(ω) is odd

0, if ord(ω) is even,
(26)

where for a positive integer N with prime factorization N =
∏l

i=1 p
mi
i ,

�N =:

l∏

i=1

δmi ,n(pi ), (27)

and δm,n(p) stands for

δm,n(p)

= pmn − p(m−1)(n−1)(p − 1)n

(
(p − 1)

m−2∑

i=0

(
n + i

n

)
pm−2−i +

(
m + n − 1

n

))
,

(28)
or equivalently for

δm,n(p) = p(m−1)(n−1)−1

(
n−1∑

i=0

(
m + n

i

)
(p − 1)i +

(
m + n − 1

m

)
(p − 1)n

)
. (29)

Two particularly useful values of δm,n(p) are

δm,2(p) = (m + 1)pm − mpm−1 and δ1,n(p) = pn − (p − 1)n. (30)

Proof. Assume first that ord(ω) is odd. By Lemma 2, part (a), it suffices to consider
only the case when q is odd and ω is a primitive qth root of unity. Then by Lemma

1, part (b), and by Lemma 2, part (b), the multiple product (2) is seen to equal 2|Sq |,
and, moreover, it is enough to assume that q = pm , where p is an odd prime and m a
nonnegative integer. All that remains to be shown is the equality

∣∣Spm

∣∣ = δm,n(p). (31)

Recall that Spm is the set of elements (k1, k2, . . . , kn) such that 1 ≤ k1, k2, . . . , kn ,
≤ pm , and pm divides k1k2 · · · kn . The goal is to find a double recursion for

∣∣Spm

∣∣, so
the dependence of Spm on n also matters; we will stress this by writing Spm ,n for Spm .
We claim that

∣∣Spm+1,n+1

∣∣ =
(

pm+1 − pm
) ∣∣Spm+1,n

∣∣ + pn
∣∣Spm ,n+1

∣∣ , m, n ≥ 0, (32)

with the obvious initial conditions

∣∣Spm ,1

∣∣ = 1, m ≥ 0, and
∣∣S1,n

∣∣ = 1, n ≥ 1. (33)
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Indeed, looking at a generic element of Spm+1,n+1, we can write Spm+1,n+1 as a disjoint
union

Spm+1,n+1 = S+
pm+1,n+1

∪ S−
pm+1,n+1

,

where S
+/−
pm+1,n+1

picks up the elements where p does/(does not) divide the last
component.

Now,
∣∣∣S+

pm+1,n+1

∣∣∣ = pn
∣∣Spm ,n+1

∣∣, since a generic element of S+
pm+1,n+1

, say (̃k1, k̃2,

. . . , k̃n, k̃n+1), with 1 ≤ k̃1, k̃2, . . . , k̃n, k̃n+1 ≤ pm+1, can be written uniquely as

(pm j1 + k1, pm j2 + k2, . . . , pm jn + kn, pkn+1),

0 ≤ j1, j2, . . . , jn ≤ p − 1, 1 ≤ k1, k2, . . . , kn, kn+1 ≤ pm,

and pm+1 divides (pm j1 + k1)(pm j2 + k2) · · · (pm jn + kn)(pkn+1) if and only if pm

divides k1k2 · · · knkn+1.

Similarly,
∣∣∣S−

pm+1,n+1

∣∣∣ =
(

pm+1 − pm
) ∣∣Spm+1,n

∣∣, since in this case pm+1 divides

k̃1k̃2 · · · k̃n k̃n+1 if and only if pm+1 divides k̃1k̃2 · · · k̃n and there are exactly pm+1 − pm

integers k̃n+1, 1 ≤ k̃n+1 ≤ pm+1, such that p does not divide k̃n+1. This proves (32).
Notice now that the substitution

∣∣Spm ,n

∣∣ = p(m−1)(n−1)(p − 1)n−1am,n (34)

transforms (32) into (3) with initial conditions

am,1 = 1, m ≥ 0, and a0,n =
(

p

p − 1

)n−1

, n ≥ 1. (35)

Since am,1 = 1, m ≥ 0 is compatible, via (3), with am,0 = 0, m ≥ 1, Theorem 2 in the
odd case follows from Theorem 1, for a = p/(p − 1).

If ord(ω) is even, then ωord(ω)/2 = −1 and so the product to be evaluated contains
zero factors, e.g., 1 + ωk1k2···kn , for k1 = k2 = · · · = kn−1 = 1 and kn = ord(ω)/2.

The proof of Theorem 2 is complete.

Remarks. (a) It is now clear that when ord(ω) is odd, in the product (2) a factor
1 + ωk1k2···kn equals 2 if and only if ord(ω) divides k1k2 · · · kn , and all the remaining
factors, for which divisibility does not hold, generate a subproduct equaling 1.

(b) In the 2015 Putnam problem, 2015 admits the prime factorization 5 · 13 · 31,
and by Theorem 2 the value of (1) is (2 · 5 − 1)(2 · 13 − 1)(2 · 31 − 1) = 13, 725.

(c) The requirement a > 1 in the initial conditions (4) of the double recursion (3) is
artificial. It was dictated by the method of proof of Theorem 1, which in turn sufficed
to prove Theorem 2. It is not hard to see that the expression (6) of am,n is in fact a poly-
nomial of degree n − 1 in a. The standard form of this polynomial can be obtained by
yet another method of solving the double recursion (3), based on bivariate generating
functions [7].

To this end let G(x, y) be the bivariate generating function associated to the double
recursion (3) subject to the initial conditions (4), i.e.,

G(x, y) =:
∑

m,n≥0
m+n≥1

am,n xm yn. (36)
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The sum in (36) is a formal power series in two real variables x and y, which a poste-

riori can be seen to converge in some neighborhood of (0, 0) in R2. Recursion (3) then
gives

G(x, y) = G(x, 0) + G(0, y) + x (G(x, y) − G(x, 0)) + y (G(x, y) − G(0, y)) .

(37)
Since by (4), G(x, 0) = 0 and G(0, y) = y/(1 − ay), equation (37) becomes

G(x, y) =
y(1 − y)

(1 − ay)(1 − x − y)
. (38)

However,

1

1 − x − y
=

∑

m, j≥0

(
m + j

m

)
xm y j , (39)

and then a Cauchy product reconversion of (38) into a power series gives

am,n =
n−1∑

i=0

(
m + n − 2 − i

n − 1 − i

)
ai . (40)

Therefore, via (34) we get another expression for δm,n(p), namely

δm,n(p) = p(m−1)(n−1)

n−1∑

i=0

(
m + n − 2 − i

n − 1 − i

)
pi (p − 1)n−1−i . (41)

(d) The multiple product (2) can be seen as a function � : Gq → C, where Gq stands
for the cyclic group of qth roots of unity. Any such function is uniquely representable
as a polynomial of degree q − 1, namely

�(ω) =
q−1∑

k=0

ckω
k, ω ∈ Gq . (42)

What are ck for k = 0, 1, . . . , q − 1? In answering this question we enter the realm of
discrete Fourier analysis [3]. It turns out that

ck = �̂(θ k
0 ), θ0 =: e(2π/q)

√
−1, (43)

where �̂ represents the discrete Fourier transform of �, i.e.,

�̂(ω) =
1

q

q−1∑

k=0

�(θ k
0 )ω−k, ω ∈ Gq . (44)

Hence one can use Theorem 2 to evaluate �̂. Alternatively, one can use the tools of
discrete Fourier analysis (linearity, convolution product, etc.) to evaluate �̂ directly
from the definition (2) of �, and then use (42), (43), to get a version of Theorem 2.
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Why Do All Triangles Form a Triangle?

Ian Stewart

Abstract. We provide a geometric explanation, based on symmetry, for why the moduli space

of all triangles up to similarity is itself a triangle. Symmetries occur because the lengths of the

sides define triples in R3 so are acted on by the symmetric group S3, which is isomorphic to the

symmetry group D3 of an equilateral triangle. The moduli space for triangles is a fundamental

domain for the action of D3 on an equilateral triangle in R3 determined by all triangles with

unit perimeter and is chosen from a subdivision into six congruent triangles. Isosceles and

equilateral triangles occupy special locations determined by their symmetries. The sides of

a right triangle lie on one of three double cones in R3, and those of unit perimeter lie on a

segment of a hyperbola in the moduli space.

Gaspar and Neto [1] prove an elegant result, whose essence, in slightly different ter-
minology, is that the moduli space of all triangles, equivalent up to similarity, is itself
a triangle.

In general, a moduli space is a geometric space whose points represent equivalence
classes of geometric objects while preserving important features of the relationships
between those objects. Here, the equivalence relation is “the same up to a rigid motion
and a similarity,” and the moduli space is the orbit space of a transformation group.
Its natural topology preserves continuity in the sense that small changes in the sides
of the triangle lead to small changes in the location of the corresponding point in
the moduli space. Symmetry properties of triangles are also preserved. So the moduli
space captures many features of the set of all triangles in a natural way. See Behrend [2]
for a more advanced treatment of moduli spaces, which, among other things, includes
the results in this note and extensions to other spaces of triangles. The aim here is to
give a simple, self-contained introduction to one accessible example of these ideas.

Gaspar and Neto represent a triangle by a triple (a, b, c) ∈ R3 defined by its three
sides and normalize its size by requiring

a + b + c = 1. (1)

They add two further systems of inequalities to define a genuine triangle and remove
any ambiguity in the ordering of the sides:

a ≤ b + c, b ≤ a + c, c ≤ a + b, (2)

0 ≤ a ≤ b ≤ c. (3)

Degenerate triangles, with some side or angle equal to 0, are permitted, since these
aid the analysis. They then substitute c = 1 − a − b to transform the above conditions

http://dx.doi.org/10.4169/amer.math.monthly.124.1.70
MSC: Primary 51M04, Secondary 20B30

70 c© THE MATHEMATICAL ASSOCIATION OF AMERICA [Monthly 124



into a simpler form and analyze the result in the (a, b)-plane using coordinate geom-
etry. This leads to a triangular region that not only classifies all triangles uniquely up
to similarity but also locates equilateral, isosceles, right, acute, and obtuse triangles
relative to each other.

The idea is interesting and the result intriguing, but the proof is a calculation that
sheds little light on why the moduli space is a triangle. It must be determined by some
subset of the plane (1), but is there a structural reason for the triangular shape? The
answer is “yes,” the cause is symmetry, and the proof is geometric.

There are three ways to approach problems with symmetry:
(1) Factor out the symmetry early on, and work with a “reduced” problem.

The other two approaches remove the symmetry only when it becomes an obstacle
to further progress. Abstractly, if a group Ŵ acts on a space X , we can either
(2) Pick representatives of the Ŵ-orbits and work with those, or
(3) Work with the orbit space X/Ŵ. This case subdivides further into two alternatives:
Consider the orbit space as such, or work on X itself but thinking “modulo Ŵ.”

All three approaches have advantages and disadvantages, and in practice, it is com-
mon to switch between them as required.

A simple analogy is arithmetic modulo n. For calculations, it is often best to identify
Zn with {0, 1, 2, . . . , n − 1}. For theoretical purposes, it is best to consider elements of
Zn as equivalence classes of Z modulo congruence ≡ (mod n). In practice, we often
apply the third method: Calculate in Z, while remembering, when necessary, that we
can throw away multiples of n. There is then no need to reduce everything back to the
interval [0, n − 1] at every step of the calculation.

The symmetry group we need here is the group S3 of permutations of the three sides
a, b, c. Equations (1) and (2) respect the symmetry, but (3) removes it by normalizing
the order. To retain the symmetry, we replace (3) by

a ≥ 0, b ≥ 0, c ≥ 0. (4)

The disadvantage of doing this is that each triangle now appears up to six times
(three for isosceles triangles and one for equilateral). The advantage is that we can
now use symmetry to analyze the geometry of these triples.

Start with R3, with coordinates (a, b, c) instead of the usual (x, y, z), to retain the
traditional notation for triangles in which the sides are denoted a, b, c. Equation (1)
defines a plane P . It is orthogonal to the main diagonal, the line passing through
(0, 0, 0) and (1, 1, 1), and meets the main diagonal at ( 1

3 ,
1
3 ,

1
3 ).

Inequalities (4) determine the positive octant of R3, bounded by the three planes
a = 0, b = 0, c = 0. It is clear that the intersection of P with the positive octant is an
equilateral triangle � with vertices (1, 0, 0), (0, 1, 0), and (0, 0, 1). This is the large
triangle in Figure 1, which views the plane P from the direction of the main diagonal.
The projections of the axes are three lines at angles of 2π/3.

The symmetric group S3 acts (orthogonally) on R3 by permuting coordinates, and
this induces an action on �. As is well known, geometrically this induces the symmetry
group of rigid motions of �, the dihedral group D3, which is isomorphic to S3.

The region defined by the triangle inequalities (2) is the smaller equilateral triangle
�, drawn with a thicker line, with vertices at ( 1

2 ,
1
2 , 0), (0, 1

2 ,
1
2 ), (

1
2 , 0, 1

2 ). The region
� corresponds to (possibly degenerate) triangles, up to permutation of their sides. This
region is also symmetric under the action of D3.

Degenerate triangles occupy the boundary of �, where a = b + c , b = a + c, or
c = a + b. Isosceles triangles lie on the axes of reflectional symmetry of � since there
a = b, b = c, or c = a. The unique equilateral triangle of perimeter 1 lies at the center
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Figure 1. Geometry of the moduli space � for all triangles (shaded).

where a = b = c = 1
3 . These types of triangles can be defined by symmetries in the

Euclidean plane and correspond to fixed-point spaces of subgroups of D3: the three
axes (for subgroups of order 2) and the central point (the whole of D3). All other
triangles have only trivial symmetry (for the subgroup of order 1).

At this stage, we can factor out the symmetry and remove the ambiguity created by
permutations of the sides by passing to the orbit space of D3 on �. The civilized way
to define this is to find a fundamental domain, a connected region of the plane that
contains exactly one representative of each orbit.

The shaded region � is a natural choice of fundamental domain, one of six mutually
congruent triangles that together give the whole of �. They map to each other by
repeated reflection in the two sides that pass through the center. The moduli space of
all triangles up to similarity therefore corresponds to �, which by construction is a
triangle; indeed, a right triangle with angles π/2, π/3, π/6.

Right triangles are not determined by symmetry under rigid motions, and a fur-
ther geometric argument is needed to locate them in the moduli space. There is some
interesting two- and three-dimensional geometry here, and a class could learn a lot
of geometry by filling in the details; I’ll be brief and take the most direct route. Ini-
tially, ignore condition (1). Then a right triangle satisfies a2 + b2 = c2 or a permutation
a2 + c2 = b2, b2 + c2 = a2. Each equation defines a right circular double cone in R3,
whose axis is, respectively, the c-axis, b-axis, a-axis. To visualize these, inscribe a
circle on each square face of a cube whose faces are parallel to the axes of R3, and
whose center is the origin. Use these as the bases of cones, with vertex the center
of the cube. Cones are tangent to each other along radial lines from the origin to the
midpoints of the edges of the cube, where the circles touch.

Right triangles in the diagram occur when the plane P meets one of these cones. So
they lie on three conic sections. The conic sections turn out to be hyperbolas, which are
mutually tangent at the vertices of �. They are drawn as gray curves. (The equation
a + b − ab = 1

2 given by Gaspar and Neto [1] can be rearranged as (a − 1)(b − 1)

= − 1
2 , which is a rectangular hyperbola. The geometry explains why and provides a

cone for it to be a section of.) Hyperbolas have two branches, but the other branch
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does not affect the picture. By continuity, acute triangles lie on the same side of the
hyperbola as the center of the diagram, and obtuse ones lie on the other side, as Gaspar
and Neto invite readers to find out.
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A New Proof of the Finsler–Hadwiger Inequality

Let a, b, c denote the side lengths, s the semiperimeter, r the inradius, R the circum-

radius, and S the area of triangle ABC . The well-known Finsler–Hadwiger inequality

reads as

a2 + b2 + c2 ≥ 4
√

3S + (a − b)2 + (b − c)2 + (c − a)2.

We present what we believe to be a new and elementary proof for the above

inequality. For other proofs, see [1, 2, 3, 4]. The Finsler–Hadwiger inequality can

be rewritten as

a(s − a) + b(s − b) + c(s − c) ≥ 2
√

3S.

By the arithmetic-geometric mean inequality and Heron’s formula, we have

a(s − a) + b(s − b) + c(s − c) ≥ 3 3
√

abc(s − a)(s − b)(s − c) = 3S
3

√

4R

s
.

By the concavity of the sine function we have

sin A + sin B + sin C ≤ 3 sin

(

A + B + C

3

)

= 3 sin
(π

3

)

=
3
√

3

2
.

By the sine law, we derive a + b + c ≤ 3
√

3R or equivalently s ≤
3
√

3

2
R.

Therefore,

a(s − a) + b(s − b) + c(s − c) ≥ 3S
3

√

8
√

3

9
= 2

√
3S.
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Chebyshev Polynomials and the Minimal
Polynomial of cos(2π/n)

Yusuf Z. Gürtaş

Abstract. The minimal polynomial of cos(2π/n) allows one to realize the value of cos(2π/n)

as the root of a polynomial with rational coefficients. These polynomials prove to be instru-

mental in expressing some relations satisfied by Chebyshev polynomials as a product. In this

article a few relations satisfied by Chebyshev polynomials of the first and second kind and the

minimal polynomial of cos(2π/n) are presented. The proof of the main theorem shows how

cyclotomic polynomials can be used to link these two kinds of polynomials.

Let n ≥ 3. Define

Sn = { k | (k, n) = 1, 1≤ k <n} and Sn/2 = {k | (k, n) = 1, 1≤ k < n/2}. (1)

It’s a well-known fact that |Sn| = φ(n) and
∣

∣Sn/2

∣

∣ = φ(n)/2. The minimal polynomial
of cos(2π/n) is defined as

∏

k∈Sn/2

(x − cos(2πk/n)). (2)

In [3], D. H. Lehmer shows that 2 cos(2πk/n) is an algebraic integer. Therefore, we
will multiply (2) by 2φ(n)/2 and call it �n(x), which is known to have integer coeffi-
cients, as proved in [3]. Namely, we will define

�n(x) =
∏

k∈Sn/2

2(x − cos(2πk/n)). (3)

It follows from the definition that the degree d of �n(x) is φ(n)/2 and �n(x) is irre-
ducible, [3]. In [7], W. Watkins and J. Zeitlin proved the recurrence relations

2(Tm+1(x) − Tm(x)) =
∏

d|n

�d(x) if n = 2m + 1 and

2(Tm+1(x) − Tm−1(x)) =
∏

d|n

�d(x) if n = 2m.

(4)

Here Tm(x) is the Chebyshev polynomial of the first kind which is defined as the
unique polynomial satisfying Tm(cos(θ)) = cos(mθ). Note that our definition of �n(x)

differs from that of W. Watkins and J. Zeitlin by a factor of 2φ(n)/2, which is why we
have a 2 on the left-hand side instead of 2m on the right-hand side.

An explicit formula to compute �n(x) is still missing, except when n is prime (see
[1]), but the relations in (4) provide a method of computation that is similar to the
one used to compute cyclotomic polynomials. For a recursive definition of �n(x)
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see [2]. The focus of this article is not computing �n(x), but rather showing how
ubiquitous they are in relations involving Chebyshev polynomials. More specifically,
we will show factorizations of Tn(x) − 1, Tn(x) + 1, and Un(x) in terms of �n(x),
where Un(x) is the Chebyshev polynomial of the second kind. The roots of these poly-
nomials are well known, [4],[5],[7], but our purpose is to shed light on their factoriza-
tions in terms of �n(x).

It’s a well-known fact that

|Tn(x)| = 1 when x = cos
kπ

n
for 0 ≤ k ≤ n

and 1 is the absolute maximum of |Tn(x)| for x ∈ [−1, 1]. Considering that the degree
of Tn(x) is n and that there are n − 1 maxima of |Tn(x)| within (−1, 1), we can con-
clude that Tn(x) − 1 and Tn(x) + 1 have their double roots, which are clearly distinct,
among the points x = cos kπ

n
for 0 < k < n. The first question we answer is, what are

the irreducible factors of Tn(x) − 1? One answer comes from the relations

(x − 1)(T2m+1 − 1) = (Tm+1 − Tm(x))2,

2(x2 − 1)(T2m − 1) = (Tm+1 − Tm−1(x))2
(5)

in T. J. Rivlin’s book, [6], combined with (4) as mentioned by W. Watkins and J. Zeitlin
in [7]. We will first present a simple and direct way of answering this question without
needing (5) or (4). Namely, we will prove directly

Theorem 1. For n ≥ 3,

Tn(x) − 1 = (x − 1)
∏

d|n, d>1

�2
d (x), for n odd, and

Tn(x) − 1 = 2(x2 − 1)
∏

d|n, d>2

�2
d (x), for n even.

(6)

The proof will show how the two sides of (6) are linked through cyclotomic poly-
nomials. We’ll need the following Lemma in the proof of Theorem 1.

Lemma 2. For n > 0

(eiθ − e2π ik/n)(e−iθ − e2π ik/n) = 2e2π ik/n(cos(2πk/n) − cos θ).

Proof. It follows that

(eiθ − e2π ik/n)(e−iθ − e2π ik/n) = 1 − e2π ik/n
(

eiθ + e−iθ − e2π ik/n
)

= 1 − e2π ik/n
(

2 cos(θ) − e2π ik/n
)

= e2π ik/n
[

e−2π ik/n − 2 cos(θ) + e2π ik/n
]

= e2π ik/n [2 cos(2πk/n) − 2 cos(θ)] = 2e2π ik/n (cos(2πk/n) − cos(θ)) .

Recall the definition of the nth cyclotomic polynomial �n(x):

�n(x) =
∏

k∈Sn

(x − e2π ik/n), (7)

January 2017] NOTES 75



where Sn is the set defined in (1). Using (7) we can write

|�n(e
iθ )|2 = �n(e

iθ )�n(e
−iθ )

=
∏

k∈Sn

(eiθ − e2π ik/n)
∏

k∈Sn

(e−iθ − e2π ik/n)

=
∏

k∈Sn

(eiθ − e2π ik/n)(e−iθ − e2π ik/n)

=
∏

k∈Sn

2e2π ik/n (cos(2πk/n) − cos(θ)) (Lemma 2)

which can be simplified to

|�n(e
iθ )|2 = e(nφ(n)2π i)/(2n)

∏

k∈Sn

2(cos(2πk/n) − cos θ)

=
∏

k∈Sn

2(cos(2πk/n) − cos θ)

(8)

using
∑

k∈Sn
k =

nφ(n)

2
for n ≥ 3 and the fact that φ(n) is even for n ≥ 3.

Proof of Theorem 1. Let �n(x) be the nth cyclotomic polynomial. We have the
famous relation

xn − 1 =
∏

d |n

�d(x)

satisfied by cyclotomic polynomials from which we obtain

|xn − 1|2 =
∏

d |n

|�d(x)|2. (9)

If we substitute eiθ in (9) we get

|einθ − 1|2 =
∏

d |n

|�d(e
iθ )|2.

Then, by (8), we have

(einθ − 1)(e−inθ − 1) =
∏

d |n

∏

k∈Sd

2(cos(2πk/d) − cos θ). (10)

Therefore,

2 − 2 cos(nθ) = 2(1 − cos(θ))
∏

d |n,d>1

∏

k∈Sd

2(cos(2πk/d) − cos θ). (11)

Here we observe that (d, k) = 1 for 1 ≤ k < d is equivalent to (d, d − k) = 1.
Therefore, both cos(2πk/d) and cos(2π(d − k)/d) appear in the product in (11)
because k and d − k are both in Sd . Since

cos(2π(d − k)/d) = cos(2π − 2πk/d) = cos(−2πk/d) = cos(2πk/d), (12)
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we can replace cos(2π(d − k)/d) by cos(2πk/d) in (11). Suppose now that n is odd
and d > 1. Using (12) and the fact that φ(n) is even for n ≥ 3, we can rewrite (11) as

2 − 2 cos(nθ) = 2(1 − cos(θ))
∏

d |n

∏

k∈Sd/2

4(cos θ − cos(2πk/d))2

= 2(1 − cos(θ))
∏

d |n

�2
d (cos θ)

(13)

and therefore,

Tn(cos(θ)) − 1 = (cos(θ) − 1)
∏

d |n

�2
d (cos θ).

Thus,

Tn(x) − 1 = (x − 1)
∏

d |n,d>1

�2
d (x), for n odd (14)

by letting x = cos(θ). If n is even, then using (10) we obtain

2 − 2 cos(nθ) = 4(1 − cos(θ))(−1 − cos(θ))
∏

d |n,d>2

∏

k∈Sd

2(cos(2πk/d) − cos θ),

cos(nθ) − 1 = 2(cos2(θ) − 1)
∏

d |n,d>2

∏

k∈Sd/2

4(cos θ − cos(2πk/d))2.

Therefore,

Tn(x) − 1 = 2(x2 − 1)
∏

d |n, d>2

�2
d (x), for n even (15)

by letting x = cos(θ).

Example 3. T24(x) − 1 = 2(x2 − 1) (�3(x)�4(x)�6(x)�8(x)�12(x)�24(x))2.

A recursive definition for Chebyshev polynomials of the second kind is

U0(x) = 1, U1(x) = 2x, Un+1(x) = 2xUn(x) − Un−1(x).

Using the relation 2(x2 − 1)Un−1(x) = Tn+1(x) − Tn−1(x) for n > 0, we can
replace the difference of Chebyshev polynomials of the first kind in the second equa-
tion of (4) by a Chebyshev polynomial of the second kind (see page 38 of [4] and note
the sign correction), and obtain the new relation

4(x2 − 1)Un−1(x) =
∏

d |2n

�d(x), n ≥ 1. (16)

Also, the equation T ′
n(x) = nUn−1(x) satisfied by Chebyshev polynomials of the first

and second kind shows that the zeros of Un−1(x) are precisely the critical points of
Tn(x), which are also the points where |Tn(x)| attains its maximum value 1 within
(−1, 1). Theorem 1 accounts for those that are also maxima of Tn(x), which are the
double roots of Tn(x) − 1. Next, we will account for the minima of Tn(x).
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Proposition 4. For n ≥ 2

Tn(x) + 1 = (x + 1)
∏

d |2n,d � |n

�2
d (x), for n odd

Tn(x) + 1 =
1

2

∏

d |2n,d � |n

�2
d (x), for n even.

(17)

Proof. Substituting the relation T 2
n (x) − 1 = (x2 − 1)U 2

n−1(x) in (16) yields

16(x2 − 1) (Tn(x) − 1) (Tn(x) + 1) =
∏

d |2n

�2
d (x) = 16(x2 − 1)2

∏

d |2n
d>2

�2
d (x),

(Tn(x) − 1) (Tn(x) + 1) = (x2 − 1)
∏

d |2n
d>2

�2
d (x). (18)

Dividing (18) by Tn(x) − 1 using Theorem 1 yields the first and the second equation
in (17) for n odd and n even, respectively. Here we used �1(x)�2(x)= 4(x2− 1).

Canceling �1(x)�2(x) = 4(x2 − 1) on both sides of (16) yields

Un−1(x) =
∏

d |2n
d>2

�d(x), n ≥ 1. (19)

If we substitute the relation U 2
n (x) − 1 = Un−1(x)Un+1(x) into (19), we obtain

U 2
n (x) − 1 =

∏

d |2n
d>2

�d(x)
∏

d |2n+4
d>2

�d(x).
(20)

Individual factorizations of Un(x) + 1 and Un(x) − 1 do not easily follow from (20).
It would be an interesting project to find them.
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Two-Sided, Unbiased Version of Hall’s
Marriage Theorem

Eli Shamir and Benny Sudakov

Abstract. The standard conditions in Hall’s perfect matching theorem for a bipartite graph G

require that all subsets from one side of G are expanding. The unbiased extension identifies

mixtures of subsets from both sides such that their expansions imply the standard conditions—

hence a perfect matching.

The setting: G = (V, W, N ) is a bipartite graph, the two sides V, W are vertex sets of
size n. The edges (v, w) between the sides induce the symmetric relation N ; N (S) is
the set of neighbors of S on the other side.

A vertex set S is expanding if its size |S| is at most |N (S)|.
A perfect matching [PM] in G is a set of n pairwise nonintersecting edges of

G—hence a PM covers all the vertices of G.

Theorem (P. Hall “Marriage” Theorem [3]). If all subsets S on one side of G are

expanding, then G has a perfect matching.

When (V, W ) are sets of (men, women), while (v, w) ∈ N signifies that this pair
is a candidate for marriage, then a PM in G constitutes the matchmaker success of
bringing n disjoint couples to matrimony. Also if W is a collection of subsets of V and
(v, w) ∈ N signifies that v ∈ w, then a PM gives a system of distinct representatives
for these subsets [3].

Hall’s theorem is a fundamental result in combinatorics [1]. It is applied in many
proofs and constructions. The full symmetry between the sides in the setting suggests
that some mixture of expansion conditions from both sides might also imply perfect
matching in G. Strangely, this seemed unnoticed until 2015. Indeed,

Theorem. The conditions U or D below imply the existence of a perfect matching

between V and W in G.

U: All sets of size ≤ p in V and all sets of size ≤ q in W are expanding, p + q = n.

D: All sets of size > p in V and all sets of size > q in W are expanding, p + q = n.

Notice that (p, q) = (n, 0) is the standard Hall condition. Recently Ehrenborg [2]
proved U by an inductive argument quite similar to the known proofs of Hall. We
present a simple argument showing that:

Claim. D or U imply (n, 0) (the standard Hall condition).

Proof. Observe first that

1. If S ⊆ V is not expanding, then T = W − N (S) is also not expanding—since
N (T ) is fully inside V − S.

http://dx.doi.org/10.4169/amer.math.monthly.124.1.79
MSC: Primary 05C70

January 2017] NOTES 79



For D, assume some S ⊆ V of size s ≤ p is not expanding. Then |N (S)| < p

while T , being nonexpanding, satisfies |T | ≤ q. Hence |W | < p + q = n, a con-
tradiction. For proving U, assume S ⊆ V is nonexpanding, of smallest size s > p.
Clearly |N (S)| = s − 1 ≥ p. While T , being nonexpanding, satisfies |T | > q. Hence
|W | > p + q = n, a contradiction.

Remark 1. A sequence of expansion sizes implies perfect matching only if it includes
U or includes D, as the following example (from [2]) shows:

G = K (p, p − 1) ∪ K (q − 1, q).

Here n = p + q − 1 and G has no perfect matching. It has only one nonexpanding
set of size p in V and only one of size q in W .

Remark 2. Condition U for perfect matching is already used in [4] to get an alterna-
tive, simpler proof of a theorem on completing partial Latin squares.
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100 Years Ago This Month in The American Mathematical Monthly
Edited by Vadim Ponomarenko

“The zero and principle of local value used by the Maya of Central America” is the

subject of an interesting historical note by Professor FLORIAN CAJORI in Science,

Nov. 17, 1916. Attention is called to the early use of a symbol for zero and the

principle of local value of number symbols employed by the Maya probably dating

back near the beginning of the Christian era. The Maya glyphs first deciphered by

FÖRSTEMANN of Dresden, 1886, and independently by GOODMAN of California,

relate for the most part to the calendar, to chronology, and to astronomy. The unit of

this number system was 20, for which a special symbol, a half closed eye with a dot

above, was used. Separate symbols of dots and bars represented the numbers from 1

to 19, each dot representing a unit, and each bar representing five units.

—Excerpted from “Notes and News” 24 (1917) 44–47.
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Hausdorffization and Homotopy

Bart van Munster

Abstract. As discussed in an earlier article in this MONTHLY, there is a universal construction

in topology that turns any space into a Hausdorff space, which is known as the Hausdorffiza-

tion, Hausdorffication, Hausdorffification or Hausdorff quotient. In this article, I will discuss

the surprising compatibility of this Hausdorff quotient with homotopy.

In the MONTHLY of October 2014, there was an article titled “Hausdorffization and
such” [4] that caught my attention. I found it particularly interesting since I had done a
research project that was concerned with Hausdorffization, or the Hausdorff quotient,
as I called it. Let us first recall the definition of the Hausdorff quotient and its universal
property:

Definition (Hausdorff Quotient). Let X be a topological space. Define an equiv-
alence relation ∼ on X such that a ∼ b if f (a) = f (b) for all continuous maps
f : X → Y with Y Hausdorff. The Hausdorff quotient H(X) of X is defined as the
set X/∼ equipped with the quotient topology. The corresponding quotient map will be
denoted by qX : X → H(X).

The Hausdorff quotient H(X) (which indeed is Hausdorff, as one can check) has the
universal property that for any Hausdorff space Y and any continuous map f : X → Y ,
there is a unique map f : H(X) → Y such that f = f ◦ qX . From this, it follows that
for any f : X → Y , we have a unique H( f ) : H(X) → H(Y ) such that H( f ) ◦ qx

= qy ◦ f , so the construction is actually functorial.
When doing my research project, the most interesting question to me was whether

this “Hausdorff functor” H is compatible with homotopy. The next theorem provides
a positive answer.

Theorem 1. Let X, Y be topological spaces with continuous maps f, g : X → Y . If f

and g are homotopic maps (denoted by f ≃ g), then H( f ) ≃ H(g).

A more categorical formulation of this theorem would be “H induces a functor in
the homotopy category.” This result gives the functor H a better standing in topol-
ogy as it is currently being studied. It may be helpful for studying and comparing
non-Hausdorff spaces from a homotopy point of view, as one can instead compare
Hausdorff quotients. This allows us to use all kinds of tools from homotopy theory
that require Hausdorff spaces. Now, the question that may arise is whether homotopy
methods would be useful in the study of non-Hausdorff spaces and, if so, in what con-
text? I would like to mention a result by McCord [2] that provides a correspondence
up to weak homotopy equivalence between (generally non-Hausdorff) finite topolog-
ical spaces and finite simplicial complexes. Clader [1] built further upon McCord’s
result and showed that any finite simplicial complex is actually homotopy equivalent
to the inverse limit of a sequence of finite spaces. Although the Hausdorff quotient of a
finite space is not particularly interesting (it is just a discrete space; see also corollary
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4.14 of [3]), these results at least show that homotopy of non-Hausdorff spaces can
be of sufficient interest. Leaving the homotopy of infinite non-Hausdorff spaces as a
possible subject for further research, let us now take a look at the proof of the theorem.

Proof of Theorem 1. Suppose we have a homotopy F : X × I → Y between maps f

and g, where I denotes the unit interval [0, 1]. Applying the Hausdorff functor to this
homotopy yields a map H(F) : H(X × I ) → H(Y ). We would like to prove that the
natural map H(X × I ) → H(X) × I is a homeomorphism, because composing such a
homeomorphism with H(F) would yield a homotopy H( f ) ≃ H(g). More generally,
we need to know under which conditions H(X × Z) ∼= H(X) × H(Z) holds. For this
purpose, consider the map qX × qZ : X × Z → H(X) × H(Z). Because its codomain
is Hausdorff, it induces a natural surjective map N : H(X × Z) → H(X) × H(Z).
Now, I claim that this N is also injective. So let x, x ′ ∈ X and z, z′ ∈ Z such that
x ∼ x ′ and z ∼ z′, and let h : X × Z → W with W Hausdorff. Consider these maps:

s : X → X × Z , a �→ (a, z)

t : Z → X × Z , b �→ (x ′, b) .

It follows from the definition of H(X × Z) that

h(x, z) = (h ◦ s)(x) = (h ◦ s)(x ′) = h(x ′, z)

= (h ◦ t)(z) = (h ◦ t)(z′) = h(x ′, z′) .

So (x, z) ∼ (x ′, z′). Therefore, N is injective and hence a bijection. We know that it is
an isomorphism if qX × qZ is a quotient map. But this is a question about products of
quotient maps that has already been (partially) answered before by J. H. C. Whitehead
[5]! If Z is locally compact, then qX × idZ is a quotient map, so qX × idI is a quotient
map and hence the natural map H(X × I ) → H(X) × I is a homeomorphism.
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PROBLEMS AND SOLUTIONS

Edited by Gerald A. Edgar, Daniel H. Ullman, Douglas B. West
with the collaboration of Paul Bracken, Ezra A. Brown, Daniel Cranston, Zachary Franco,

Christian Friesen, László Lipták, Rick Luttmann, Frank B. Miles, Leonard Smiley, Kenneth

Stolarsky, Richard Stong, Walter Stromquist, Daniel Velleman, and Fuzhen Zhang.

Proposed problems should be submitted online at

http: // www. americanmathematicalmonthly. submittable. com/ submit.

Proposed solutions to the problems below should be submitted on or before May

31, 2017 via the same link. More detailed instructions are available online. Proposed

problems must not be under consideration concurrently at any other journal nor be

posted to the internet before the deadline date for solutions. An asterisk (*) after the

number of a problem or a part of a problem indicates that no solution is currently

available.

PROBLEMS

11950. Proposed by Marian Tetiva, National College “Gheorghe Roşca Codreanu,” Bı̂rlad,

Romania. Prove that for all positive integers a and b, there are infinitely many positive

integers n such that n, n + a, and n + b can all be expressed as a sum of two squares.

11951. Proposed by Omran Kouba, Higher Institute for Applied Sciences and Technology,

Damascus, Syria. Let ABC be a triangle that is not obtuse. Denote by a, b, and c the lengths

of the sides opposite A, B, and C , respectively, and denote by ha , hb, and hc the lengths of

the altitudes dropped from A, B, and C , respectively. Prove that

a2

h2
b + h2

c

+
b2

h2
c + h2

a

+
c2

h2
a + h2

b

<
5

2
.

Show also that 5/2 is the smallest possible constant in this inequality.

11952. Proposed by Z. K. Silagadze, Novosibirsk State University, Novosibirsk, Russia.

Prove that

∞
∑

n=1

22n−1

2n + 1

(

(n − 1)!

(2n − 1)!!

)2

= π − 2,

where (2n − 1)!! is defined as usual to be
∏n

k=1(2k − 1).

11953. Proposed by Cornel Ioan Vălean, Teremia Mare, Timiş, Romania. Calculate
∫ ∞

0

∫ ∞

0

sin x sin y sin(x + y)

xy(x + y)
dx dy.

11954. Proposed by Paul Bracken, University of Texas, Edinburg, TX. Determine the largest

constant c and the smallest constant d such that, for all positive integers n,

1

n − c
≤

∞
∑

k=n

1

k2
≤

1

n − d
.
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11955. Proposed by David Stoner, Aiken, SC. Some boys and girls stand on some of the

squares of an n-by-n grid. (Each square may contain several or no children.) Each child

computes the fraction of children in his or her row whose gender matches his or her own

and the fraction of children in his or her column whose gender matches his or her own.

Then each child writes down the sum of the two numbers he or she obtains. Prove that the

product of all numbers written down in such a manner is at least 1.

11956. Proposed by Hideyuki Ohtsuka, Saitama, Japan. Show that

∞
∑

n=1

arctan(sinh n) · arctan

(

sinh 1

cosh n

)

converges, and find the sum.

SOLUTIONS

Summing to the Double Factorial

11821 [2015, 176]. Proposed by Finbarr Holland and Claus Koester, University College

Cork, Cork, Ireland. Let p be a positive integer. Prove that

lim
n→∞

1

2nn p

n
∑

k=0

(n − 2k)2p

(

n

k

)

=

p
∏

j=1

(2 j − 1).

Solution I by Hongwei Chen, Christopher Newport University, Newport News, VA. Let

Sp(n) =
∑n

k=0(n − 2k)2p
(

n

k

)

for n, p ≥ 0. We compute

Sp+1(n) =

n
∑

k=0

(n − 2k)2p(n2 − 4kn + 4k2)

(

n

k

)

= n2Sp(n) − 4

n−1
∑

k=1

(n − 2k)2pk(n − k)

(

n

k

)

= n2Sp(n) − 4n(n − 1)Sp(n − 2).

Let Mp(n) = 2−n Sp(n), so M0(n) = S0(n) = 1. We show by induction on p that Mp(n)

is a polynomial of degree p in n with leading coefficient
∏p

j=1(2 j − 1). From this the

desired result follows immediately.

We use the common “double factorial” notation (2p − 1)!! =
∏p

j=1(2 j − 1) and use

O(nk) to indicate a polynomial of degree k in n. Letting cp denote the coefficient of n p−1

in Mp(n), the inductive computation for p ≥ 0 is

Mp+1(n) = n2 Mp(n) − n(n − 1)Mp(n − 2)

= (2p−1)!!n p+2 + cpn p+1 − (n2−n)
(

(2p−1)!!(n−2)p + cp(n−2)p−1
)

+ O(n p)

= cpn p+1 − cpn p+1 + n(2p − 1)!!(n − 2)p + n2(2p)(2p − 1)!!n p−1 + O(n p)

= (2p + 1)(2p − 1)!!n p+1 + O(n p).

Solution II by National Security Agency Problems Group, Fort Meade, MD. Let

X1, . . . , Xn be independent random variables, each taking the value +1 or −1 with

probability 1/2 each. Note that E[X i ] = 0. Set X =
∑

X i . Note that X = n − 2k, where
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k = |{i : X i = −1}|. Hence P[X = n − 2k] =
(

n

k

)

2−n . Therefore E[X2p] =
1

2n

∑n
k=0(n − 2k)2p

(

n

k

)

, and we seek limn→∞ n−pE[X2p].

We also compute E[X2p] another way:

E[X2p] = E

[

(

∑

X i

)2p
]

=
∑

(

2p

i1, . . . , in

)

E





n
∏

j=1

X
i j

j



 =
∑

(

2p

i1, . . . , in

) n
∏

j=1

E

[

X
i j

j

]

,

where the last step uses independence. Since any odd power of X i equals X i , it has expec-

tation 0. Thus, the only nonzero terms in the last sum are those with all i j even, where the

expectation is 1. Hence E[X2p] is the sum of the multinomial coefficients with all i j even.

For n ≥ p, there are
(

n

p

)

terms in which each i j is 0 or 2. The sum of these coefficients

is
(

n

p

)

(2p)!
2p , which equals n!

(n−p)!
(2p − 1)!!.

We claim that the contribution from other terms has lower order. The terms with some i j

greater than 2 have at most p − 1 nonzero exponents. Let tp be the number of partitions of

p with at most p − 1 parts. Each such partition can be arranged as i1, . . . , in in fewer than

(p − 1)!
(

n

p−1

)

ways, and the corresponding multinomial coefficient is less than
(

2p

2,2,...,2

)

.

Hence the total contribution of these terms to E[X2p] is at most tp(p − 1)!
(

n

p−1

)

(2p)!/2p.

With p constant and n large, this is bounded by O(n p−1).

It follows that for large n,

n−pE(X2p) = (2p − 1)!!

p
∏

j=1

(

1 −
j

n

)

+ O

(

1

n

)

,

and so limn→∞ n−pE(X2p) = (2p − 1)!!.

Editorial comment. Solvers also used various other approaches. Marcin E. Kuczma

obtained a recurrence for the polynomial Mp(n) by recognizing Mp(n) as the coefficient of

x2p in the power series for (cosh x)n and differentiating (cosh x)n · cosh x using the prod-

uct rule. John H. Lindsey expressed the sum essentially as a Riemann sum to approximate

it with an integral involving an exponential function. Some others found explicit formu-

las for the sum (with or without the denominator), often involving the Stirling numbers,

and then found the limit directly. Oliver Geupel gave a somewhat combinatorial proof,

interpreting the quantities involved in terms of weighted Dyck paths.

Also solved by T. Amdeberhan & V. H. Moll, M. Bataille (France), R. Chapman (U. K.), R. Dutta (India),

P. J. Fitzsimmons, D. Fritze (Germany), N. Grivaux (France), E. A. Herman, J. C. Kieffer, O. Kouba (Syria),

M. E. Kuczma (Poland), J. H. Lindsey II, M. Omarjee (France), E. Omey (Belgium), N. C. Singer, J. C. Smith,

A. Stenger, R. Stong, R. Tauraso (Italy), Con Amore Problem Group (Denmark), GCHQ Problem Solving

Group, and the proposers.

Circular General Position

11824 [2015, 284]. Proposed by Jeffrey C. Lagarias, University of Michigan, Ann Arbor,

MI and Yusheng Luo, Harvard University, Cambridge, MA. A set X of points in the plane

is said to be in circular general position if it has the property that every circle or straight

line in the plane misses at least two points of X . (Such sets must have at least five elements,

and most five-element sets qualify.)

(a) Show that if X is a set in circular general position and contains at least seven points,

then it has a five-element subset that is in circular general position.

(b) Show that there exist sets X in circular general position containing exactly six points

for which there is no five-element subset in circular general position.
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Solution by Edward Schmeichel, San Jose State University, San Jose, CA. We write

“circles” to refer to both circles and straight lines, and we write “cgp” as an abbrevia-

tion for “circular general position.”

(a) Let n = |X |. We proceed by induction on n, postponing the base step n = 7. For n ≥ 8,

consider a set X with |X | = n in cgp. If every circle contains at most n − 3 points of X ,

then every subset of size (n − 1) is in cgp, and by the induction hypothesis it contains

a subset of size 5 in cgp. Otherwise, some circle Ŵ contains points P1, P2, . . . , Pn−2 of

X and misses two points A1, A2 of X . Since any circle through A1 and A2 meets Ŵ in at

most two points and (n − 2)/2 ≥ 3, at least three distinct circles Ŵ1, Ŵ2, Ŵ3 through A1, A2

are required to cover the n − 2 points in X ∩ Ŵ. Renumber so that P1 ∈ Ŵ1 \ (Ŵ2 ∪ Ŵ3),

P2 ∈ Ŵ2 \ (Ŵ1 ∪ Ŵ3), P3 ∈ Ŵ3 \ (Ŵ1 ∪ Ŵ2). The 5-element subset {P1, P2, P3, A1, A2} will

be in cgp. This completes the inductive step.

We now consider the base step. Let X be a 7-point set in cgp. If every circle contains

at most three points of X , then any 5-element subset of X will be in cgp. If, on the other

hand, some circle contains five points of X and misses two points of X , then the argument

at the end of the inductive step above provides a 5-element subset of X in cgp.

Hence we may assume that some circle Ŵ contains four points of X , say P1, P2, P3, P4

in order around Ŵ, and misses three points A1, A2, A3 of X . If any of the pairs (A1, A2),

(A1, A3), or (A2, A3) require at least three circles through the pair to cover the four points

in X ∩ Ŵ, then the argument at the end of the inductive step will again provide a 5-element

subset of X in cgp. Hence assume for each pair (Ai , A j ) with 1 ≤ i < j ≤ 3, there are two

circles Ŵ1
i, j and Ŵ2

i, j through Ai and A j each containing two of the points of X ∩ Ŵ. Without

loss of generality, suppose that Ŵ1
1,2 and Ŵ2

1,2 contain, respectively, the nonconsecutive pairs

(P1, P3) and (P2, P4) around Ŵ, while Ŵ1
1,3, Ŵ2

1,3, Ŵ1
2,3, and Ŵ2

2,3 contain, respectively, the

consecutive pairs (P1, P2), (P3, P4), (P1, P4), and (P2, P3) around Ŵ. The points A1, A2

where Ŵ1
1,2 and Ŵ2

1,2 intersect occur in different connected components of R2 \ Ŵ. On the

other hand, for k ∈ {1, 2} the points Ak and A3 where Ŵ1
k,3 and Ŵ2

k,3 intersect occur in the

same component of R2 \ Ŵ. This is impossible, which completes the base step.

(b) Let X = {0, 1, 2} × {0, 1}. This 6-point set has no 5-point subset in cgp, since every

5-element subset of X contains the four vertices of a rectangle.

Also solved by R. Chapman (U. K.), Y. J. Ionin, O. P. Lossers (Netherlands), M. Monea (Romania),

M. A. Prasad (India), J. C. Smith, R. Stong, E. A. Weinstein, and the proposers.

A Rational Function Identity

11828 [2015, 285]. Proposed by Roberto Tauraso, Universita di Roma “Tor Vergata,”

Rome, Italy. Let n be a positive integer, and let z be a complex number that is not a kth root

of unity for any k with 1 ≤ k ≤ n. Let S be the set of all lists (a1, . . . , an) of n nonnegative

integers such that
∑n

k=1 kak = n. Prove that

∑

a∈S

n
∏

k=1

1

ak! kak (1 − zk)ak
=

n
∏

k=1

1

1 − zk
.

Solution by Omran Kouba, Higher Institute for Applied Sciences and Technology, Damas-

cas, Syria. First we suppose that z is a real number with |z| < 1. For any real number r

with |r | < 1 we have

∞
∑

k=1

r k

k(1 − zk)
=

∞
∑

k=1

r k

k

(

∞
∑

n=0

zkn

)

=

∞
∑

n=0

(

∞
∑

k=1

(r zn)k

k

)
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= −

∞
∑

n=0

log(1 − r zn) = log

(

∞
∏

n=0

1

1 − r zn

)

.

It follows that

∞
∏

k=1

exp

(

r k

k(1 − zk)

)

=

∞
∏

n=0

1

1 − r zn
. (1)

On the other hand, for a real number z with |z| < 1, consider the function fz defined on

the open unit disk D(0, 1) in the complex plane by

fz(w) =

∞
∏

n=0

1

1 − wzn
.

This product converges uniformly on every compact subset of D(0, 1), so fz is analytic

in D(0, 1). There is a Taylor series expansion fz(w) =
∑∞

n=0 An(z)w
n for w ∈ D(0, 1).

Since (1 − w) fz(w) = fz(zw),

(1 − w)

(

∞
∑

n=0

An(z)w
n

)

=

∞
∑

n=0

An(z)z
nwn.

It follows that An(z) − An−1(z) = zn An(z) for n ≥ 1. Also A0(z) = 1, so

An(z) =

n
∏

k=1

1

1 − zk
, for n ≥ 1.

Thus, for |r | < 1, we have

∞
∏

n=0

1

1 − r zn
= 1 +

∞
∑

n=1

(

n
∏

k=1

1

1 − zk

)

rn. (2)

From (1) and (2),

∞
∏

k=1





∞
∑

ak=0

r kak

ak! kak (1 − zk)ak



 = 1 +

∞
∑

n=1

(

n
∏

k=1

1

1 − zk

)

rn.

Equating the coefficient of rn on both sides, we obtain

∑

a∈S

n
∏

k=1

1

ak! kak (1 − zk)ak
=

n
∏

k=1

1

1 − zk
.

We have proved the required equality for real numbers z with |z| < 1. Each side is a rational

function of z. The validity of the formula for every complex number z such that z is not a

kth root of unity for any k with 1 ≤ k ≤ n follows by analytic continuation.

Also solved by T. Amdeberhan & R. P. Stanley, N. Caro (Brazil), R. Chapman (U. K.), S. M. Gagola Jr.,

O. P. Lossers (Netherlands), M. A. Prasad (India), J. C. Smith, R. Stong, M. Wildon (U. K.), and the proposer.

A Convergence Test

11829 (Corrected) [2015, 285; 2015, 605]. Proposed by Paul Bracken, University of

Texas-Pan American, Edinburg, TX. Let 〈a〉 be a monotone decreasing sequence of real

numbers that converges to 0. Prove that
∑∞

n=1 an/n < ∞ if and only if an = O(1/ log n)

and
∑∞

n=1(an − an+1) log n < ∞.
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Solution I by Moubinool Omarjee, Lycée Henri IV, Paris, France and Roberto Tauraso,

Dipartimento de Matematica, Università di Roma, “Tor Vergata,” Rome, Italy. Define two

sequences {SN }N≥1 and {TN }N≥1 by

SN =

N
∑

n=1

an

n
and TN =

N
∑

n=1

(an − an+1) log n.

If {an}n≥1 is positive and decreasing to 0, then both {SN }N≥1 and {TN }N≥1 are increasing.

Let S and T be their respective limits (finite or +∞). Notice that if n ≥ 2, then log n −

log(n − 1) =
∫ n

n−1
dx/x ∈ (1/n, 1/n − 1).

(Necessity) If S < ∞, then for N ≥ 2,

aN log N ≤ aN

N
∑

n=2

(

log n − log(n − 1)
)

≤ aN

N
∑

n=2

1

n − 1
≤

N
∑

n=2

an−1

n − 1
= SN−1 ≤ S.

This implies that an = O(1/ log(n)). Moreover,

TN =

N
∑

n=1

(an − an+1) log n =

N
∑

n=2

an log n −

N+1
∑

n=2

an log(n − 1)

=

N
∑

n=2

an(log n − log(n − 1)) − aN+1 log N ≤

N
∑

n=2

an

n − 1

≤

N
∑

n=2

an−1

n − 1
= SN−1 ≤ S,

hence T < ∞.

(Sufficiency) If T < ∞ and aN log N ≤ M for N ≥ 2, then

SN − a1 =

N
∑

n=2

an

n
≤

N
∑

n=2

an(log n − log(n − 1)) =

N
∑

n=2

an log n −

N−1
∑

n=2

an+1 log n

=

N−1
∑

n=2

(an − an+1) log n + aN log N = TN−1 + aN log N ≤ T + M,

hence S < ∞.

Solution II by Traian Viteam, Osaka, Japan. Let Hn =
∑n

i=1 1/ i . We use the fact

that Hn ∼ log(n); that is, their ratio converges to 1. From the comparison test for

series with nonnegative terms, we have
∑∞

n=1 (an − an+1) log(n) < ∞ if and only if
∑∞

n=1(an − an+1)Hn <∞.

Suppose first that
∑∞

n=1 an/n < ∞. Since (an)n≥1 is decreasing, we have

aN

N
∑

n=1

1

n
≤

N
∑

n=1

an

n

for all positive integers N . Since the right-hand side is bounded as N → ∞, it follows that

aN = O

(

1

HN

)

= O

(

1

log N

)

.
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Next note that

N
∑

n=1

(an − an+1)Hn =

N
∑

n=1

an

n
− HN aN+1.

The latter expression is bounded, because the first sum is bounded and the second term

satisfies 0 ≤ (1 + 1/2 + · · · + 1/N )aN+1 ≤ (1 + 1/2 + · · · + 1/N )aN = O(1). Thus

the partial sums of the series
∑∞

n=1(an − an+1)Hn are bounded. Since the terms are

nonnegative, the series therefore converges, which implies the convergence of
∑∞

n=1 (an − an+1) log n.

Conversely, assume that an = O(1/ log n) and
∑∞

n=1 (an − an+1) log n < ∞. The

first relation implies that HN aN+1 is bounded as N → ∞, while the second implies
∑∞

n=1 (an − an+1)Hn < ∞. Thus the partial sums of this series are bounded. Now the

conclusion that the partial sums of the series
∑∞

n=1 an/n are also bounded follows, since

N
∑

n=1

an

n
=

N
∑

n=1

(an − an+1)Hn + HN aN+1

for all N . Since
∑∞

n=1 an/n is a series of nonnegative terms, the proof is complete.

Also solved by U. Abel (Germany), K. F. Andersen (Canada), R. Bagby, E. Bojaxhiu (Albania) & E. Hys-

nelaj (Australia), R. Boukharfane (France), R. Chapman (U. K.), H. Chen, G. H. Chung, M. Goldenberg &

M. Kaplan, N. Grivaux (France), E. A. Herman, E. J. Ionaşcu, O. Kouba (Syria), K.-W. Lau, J. H. Lindsey II,

O. P. Lossers (Netherlands), M. Omarjee (France), P. Perfetti (Italy), E. Schmeichel, N. C. Singer, J. C. Smith,

A. Stenger, R. Stong, J. Van Casteren (Belgium), M. Wildon (U. K.), GCHQ Problem Solving Group (U. K.),

and the proposer.

A Circumcentric Triangle

11830 [2015, 285]. Proposed by Leo Giugiuc, Drobeta-Turnu Severin, Romania, and Oai

Thanh Dao, Quang Trung village, Kien Xuong district, Thai Binh Province, Vietnam. Let

A, B, C be the vertices of a triangle. Let P be a parabola tangent to the line BC at A1, to

C A at B1, and to AB at C1. Let A2, B2, and C2 be the circumcenters of triangles AB1C1,

BC1 A1, and C A1 B1, respectively.

(a) Show that there is a circle through A2, B2, C2, and the focus of P .

(b) Show that the triangles ABC and A2 B2C2 are similar.

Solution by O. P. Lossers, Einhoven University of Technology, Eindhoven, The Nether-

lands. (b) We choose a Euclidean coordinate system such that the equation of the parabola

is x = y2. Let the tangents through B touch the parabola in A1 = (a2, a) and C1 = (c2, c),

and let B1 = (b2, b). Then B, the pole of the line A1C1, has the coordinates (ac,

(a + c)/2). We then compute

B2 =

(

1

4
+

(a + c)2

2
, (a + c)

(

1

4
− ac

))

.

The other points of interest for this problem may be obtained by cyclic permutations of

a, b, c. Thus C − B = (b − c)(a, 1/2) and

C2 − B2 = (b − c)

(

s

2
+

a

2
,

1

4
− as

)

, where s = a + b + c.

For the length, B2C2
2

= (c − b)2
(

s2 + 1
4

)(

a2 + 1
4

)

=
(

s2 + 1
4

)

BC
2
. The same relation

holds for the other sides, so the triangles ABC and A2 B2C2 are similar.
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(a) The focus F is (1/4, 0). To prove that F is on the circumcircle of A2 B2C2, we compare

the cosines of ∠A2 FC2 and ∠A2 B2C2. By (b), triangles ABC and A2 B2C2 have the same

angles, and so

cos
(

∠A2 B2C2

)

= cos
(

∠ABC
)

= ±

1
4

+ ac
√

(

1
4

+ a2
)(

1
4

+ c2
)

.

To compute the angle A2 FC2 we first compute the inner product of A2 F and C2 F :

A2 F = (b + c)

(

b + c

2
,

1

4
− bc

)

, C2 F = (a + b)

(

a + b

2
,

1

4
− ab

)

,

and (A2 F) · (C2 F) = (c + b)(b + a)

(

1

4
+ b2

) (

1

4
+ ac

)

.

The length of A2 F is |c + b|

√

1
4

+ c2

√

1
4

+ b2, so

cos (∠A2 FC2) =
±

(

1
4

+ ac
)

√

(

1
4

+ a2
) (

1
4

+ c2
)

.

Thus cos (∠A2 FC2) and cos
(

∠A2 B2C2

)

are equal in absolute value. Therefore F is either

on the circumcircle of A2 B2C2 or on its mirror image under reflection in side A2C2. The

same is true for the other sides, so F, A2, B2, C2 are indeed on the same circle.

Editorial comment. Part (b) appears as a corollary on page 134 of R. A. Johnson, Advanced

Euclidean Geometry, Dover, 1960.

Also solved by R. Chapman (U. K.), J.-P. Grivaux (France), O. Kouba (Syria), J. McHugh, J. C. Smith, and

R. Stong.

Uncountably Many Discontinuities, Again

11833 [2015, 390]. Proposed by Mher Safaryan, Yerevan State University, Yerevan, Arme-

nia, and Vahagn Aslanyan, University of Oxford, Oxford, U. K. Let f be a real-valued

function on an open interval (a, b) such that the one-sided limits limt→x− f (t) and

limt→x+ f (t) exist and are finite for all x in (a, b). Can the set of discontinuities of

f be uncountable?

Solution by Klaas Pieter Hart, Delft University of Technology, Delft, Netherlands. No, the

set of discontinuities is countable. Let D be the set of points at which f is discontinuous.

Write f (x+) = limt→x+ f (t) and f (x−) = limt→x− f (t). Because of the assumptions,

a point x belongs to D for one of two reasons: f (x−) = f (x+) or f (x−) = f (x+) =

f (x). Thus D ⊆ A ∪ B, where A = {x : f (x) = f (x−)} and B = {x : f (x) = f (x+)}. It

suffices to show that A and B are countable. The arguments for A and B are mirror images

of each other, so we concentrate on A.

For a natural number n, let An = {x ∈ A : | f (x−) − f (x)| ≥ 2−n}. Since A =
⋃

n An ,

it suffices to show each An is countable. We claim that if p ∈ An , then there is positive real

number δp such that (p − δp, p) ∩ An = ∅. This claim suffices, because {(p − δp, p) :

p ∈ An} is a pairwise disjoint family of intervals in the real line and hence countable,

which implies that An itself is countable.

To prove the claim, choose δp > 0 small enough that
∣

∣ f (x) − f (p−)
∣

∣ < (1/3)2−n

whenever x ∈ (p − δp, p). By the triangle inequality, we have | f (y) − f (x)| < 2
3

· 2−n

whenever x, y ∈ (p − δp, p). From this we get | f (x−) − f (x)| ≤ 2
3

· 2−n whenever x ∈

(p − δp, p). So (p − δp, p) ∩ An = ∅, as claimed.

90 c© THE MATHEMATICAL ASSOCIATION OF AMERICA [Monthly 124



Editorial comment. A slightly stronger version of this result appeared as MONTHLY Prob-

lem 10979 [109 (2002), 921; solution 111 (2004), 630]. The solution given there (also by

Hart) includes many references to this result in the literature.

Also solved by R. Acosta & J. Losada (Spain), M. Bataille (France), M. W. Botsko, R. Boukharfane (France),

P. Budney, R. Chapman (U. K.), H. Chen, P. P. Dályay (Hungary), O. Geupel (Germany), N. Grivaux (France),

J. W. Hagood, D. L. Hancock, Y. J. Ionin, B. Karaivano (U.S.A.) & T. S. Vassilev (Canada), J. H. Lindsey II,

M. D. Meyerson, P. Perfetti (Italy), Á. Plaza & F. Perdomo (Spain), D. Ritter, K. S. Sarkaria, S. Scheinberg,

K. Schilling, J. C. Smith, R. Stong, R. Tauraso (Italy), and the proposer.

A Putnam Addendum

11837 [2015, 391]. Proposed by Iosif Pinelis, Michigan Technological University,

Houghton, MI. Let a0 = 1, and, for n ≥ 0, let an+1 = an + e−an . Let bn = an − log n.

For n ≥ 0, show that 0 < bn+1 < bn; also show that limn→∞ bn = 0. (The proposer

notes that the content of Problem B4 of the 73rd William Lowell Putnam Mathematical

Competition—see, e.g., this MONTHLY, Volume 120, No. 8, pages 682 and 686—was the

question of whether bn has a finite limit as n → ∞.)

Composite solution by Nicole Grivaux, Paris, France, and Oliver Geupel, Brühl, NRW,

Germany. The sequence (an)n≥0 satisfies an+1 = f (an), where f (t) = t + e−t . The

function f is increasing and positive on [0,∞). For any positive integer n, we have

log(1 + 1/n) < 1/n and log(1 − 1/(n + 1)) < −1/(n + 1), and so

log(n + 1) < log n +
1

n
(1)

and

1

n + 1
< log

(

1 +
1

n

)

<
1

n
. (2)

We prove by induction that an > log(n + 1) for all positive integers n. First, a0 = 1

> log 2. Next, if an > log(n + 1), then an+1 > f (log(n + 1)) = log(n + 1) + 1/(n + 1),

and so (1) implies that an+1 > log(n + 2).

Because an > log(n + 1) > log n, we have bn > 0 for any positive integer n.

Because an+1 − an = e−an , we have an+1 − an < e− log(n+1) = 1/(n + 1) for any posi-

tive integer n. Using (2), we obtain an+1 − an < log(n + 1) − log(n), and so bn+1 < bn .

Now an increases to infinity, so

lim
n→∞

ean+1 − ean

(n + 1) − n
= lim

n→∞

ee−an
− 1

e−an
= lim

h→0

eh − 1

h
= 1.

By the Stolz–Cesàro lemma, it follows that limn→∞ ean /n = 1. Consequently, limn→∞ ebn

= 1 and limn→∞ bn = 0.

Also solved by T. Amdeberhan & V. H. Moll, R. Chapman (U. K.), H. Chen, P. P. Dályay (Hungary), E. A. Her-

man, K.-W. Lau (China), J. H. Lindsey II, O. P. Lossers (Netherlands), G. Marks, M. Omarjee (France), P. Per-

fetti (Italy), M. A. Prasad (India), S. Roy & J. Bose (India), M. Sawhney, J. C. Smith, A. Stenger, R. Stong,

R. Tauraso (Italy), E. I. Verriest, T. Viteam (Japan), GCHQ Problem Solving Group (U. K.), and the proposer.
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REVIEWS
Edited by Jason Rosenhouse

Department of Mathematics and Statistics, James Madison University, Harrisonburg,

VA 22807

The Power of a Good Book

Jason Rosenhouse

In my senior year of college, I took an intensive, full-year course in real analysis. The
first semester was a high-level introduction to the standard topics, while the second
moved on to measure theory, Lebesgue integration, manifolds, differential forms, and
much else besides. I recall one class when the professor suddenly stopped dead after
fifteen minutes of solid lecturing, apologized that his entire proof was wrong because
of an error made right at the beginning, and then erased several chalkboards of thick,
dense notation. He started over as though nothing had happened. My friend leaned
over to me and said, more bemused than dismayed,“None of us noticed that he’s been
talking nonsense for fifteen minutes and that doesn’t give him pause?”

It was that kind of class.
Challenging though it was, I have many fond memories of the course. The textbook,

however, is not one of them. It was written by the professor himself, and we students
received each chapter—for free!—hot off the presses. For me, it was mostly a textbook
on how not to write a textbook. It just seemed like a big pile of impenetrable theorems,
unmotivated definitions, and incomprehensible notation. In class, our professor would
say, after proving an especially arcane result, “Perhaps you would like to see an appli-
cation of this theorem?” He would then apply it to the proof of something even more
arcane.

This frustration was essentially my reaction to most of the math textbooks I used
in college. Were I to express my objection politely, it is that they were written like
reference books. Fine if you just needed to look up the proof of an old result, but short
on the sort of motivation and lucidity that would be helpful to a novice just starting out.
In my less polite moments, I would think these authors must truly hate their subjects,
to write about them with so little passion or enthusiasm. It was very frustrating. Here
I was, as hungry as I was ever going to be to study and learn mathematics, perfectly
happy to spend Saturday night in the library poring over difficult problems, and the
textbooks I was given seemed tailor made to make me rethink my life choices.

I persisted, however, and soon found myself in graduate school. Occasionally,
I expressed my annoyance about the godawful literary atrocities from which we were
expected to learn our craft. To my surprise, not everyone agreed. Books I regarded as
flatly unreadable were praised for their concision and rigor. God help any authors who
included two consecutive sentences of exposition! They were accused of excessive
wordiness, a grave charge.

None of this did anything for my self-confidence. Perhaps I just lacked the chops for
the math biz. Since everyone else seemed happy enough with the textbooks, perhaps
my distaste for them said more about me than it did about the authors.

http://dx.doi.org/10.4169/amer.math.monthly.124.1.92
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It was in that general state of discouragement that I chanced upon a book called Why

the Professor Can’t Teach, by Morris Kline [3], then at the Courant Institute. The book
contained a chapter called, “Follies of the Marketplace: A Tirade on Texts.” Sounded
promising! The chapter opened as follows:

Curriculum and teachers are the most important factors in education. But there are also texts

from which students learn and which, at the very least, can reinforce the teachers’ contribution.

Unfortunately, concern for exposition is not one of the hallowed traditions of the mathematical

world and the quality of texts at all levels is very low. (p. 208)

You can imagine my delight. Things only got better from there:

[Mathematicians] receive no training in writing—even of research papers, let alone texts. On

the basis of their backgrounds and major concerns one should no more expect effective writing

from mathematics professors than good mathematics in mathematical research papers were

they written by English professors.

Our expectations are more than fulfilled. Explanations of mathematical steps are usually

inadequate—in fact, enigmatic. . . . This decision is reinforced by the mathematician’s prefer-

ence for sparse writing. If challenged he replies, “Are the facts there?” This is all one should

ask. Correctness is the only criterion and any request for more explanation is met by a super-

cilious stare. Surely one must be stupid to require more explanation. (pp. 208–209)

Amen to that!

A glaring deficiency of mathematics texts is the absence of motivation. The authors plunge

into their subjects as though pursued by hungry lions. A typical introduction to a book or a

chapter might read, “We shall now study linear vector spaces. A linear vector space is one

which satisfies the following conditions . . . ” The conditions are then stated and are followed

almost immediately by theorems. Why anyone should study linear vector spaces and where

the conditions come from are not discussed.

Some introductions are not quite so abrupt. One finds the enlightening statement,“It might

be well at this point to discuss . . . ” Perhaps it is well enough for the author, but the student

doesn’t usually feel well about the ensuing discussion. A common variation of this opening

states, “It is natural to ask . . . ,” and this is followed by a question that even the most curious

person would not think to ask. (pp. 211–212)

Well said! What else?

The writing in mathematics texts is not only laconic to a fault; it is cold, monotonous, dry,

dull, and even ungrammatical. The author seeks to remain impersonal and objective. As one

reviewer said of the writing in a particular text: “The book is mathematically masterful, gram-

matically grim, literarily limp, and pedantically pompous. It tells the undergraduate more than

he wants to know, presuming, at the same time, that he knows more than he does.” (p. 215)

Bring it home now:

A mathematician of the sixteenth or seventeenth century often presented his discoveries in the

form of an anagram that was intended as evidence to his rivals that he had solved a problem

but that was also intended to be undecipherable to the rivals so that they could not claim they,

too, had solved the problem. When challenged, the composer of the anagram could then reveal

what the anagram stood for and establish his claim. This practice continues today, except that

the anagram is called a textbook. (p. 218)

Preach it, brother. Preach it all night long.
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What a revelation! Everything I had been thinking but said by someone with actual
credibility. Finally, some reassurance that I was not the only one to notice the emperor
had no clothes. I returned to my texts, turgid dreck though they were, with renewed
vigor.

Such is the power of a good book.

Kline’s book was hardly my only source of encouragement. The generally poor
state of mathematical discourse makes it all the sweeter when you encounter one of
the good ones.

In high school, my father gave me a copy of a small paperback by Walter Sawyer
called Prelude to Mathematics [5]. It retains a place of honor on my bookshelf, though
it is so old I doubt it would survive another reading. (I see from the cover that it cost
95 cents when my father bought it.) At that time, my mathematical world consisted
mostly of algebra II and trigonometry, and while I was dimly aware of something
called “calculus” coming down the pike, I had no idea there was anything beyond
that. Then here came Sawyer to tell me about linear algebra, non-Euclidean geometry,
group theory, and even some rudimentary Galois theory. This was all presented with
passion, voice, and clarity, to the point where the abstract constructions seemed like
the most natural things in the world.

I was especially fond of Isaac Asimov. I am speaking now of his nonfiction, a par-
ticular favorite being his three-volume work Understanding Physics [1]. I read these
books at the same time I was suffering through a standard full-year physics course.
After reading his explanations of the relevant concepts, you could hardly avoid saying,
as Thomas Huxley did after reading Darwin’s Origin of Species, “How very stupid not
to have thought of that myself!” Asimov was especially gifted at anticipating the ques-
tions a reader would naturally ask. Many times, after reading a paragraph, I would
think, “But what about X?” Then the next paragraph would begin with something
equivalent to, “You are probably wondering about X.” Textbook authors, alas, seldom
possess this skill.

For more recent fare, Paul Lockhart’s Measurement [4] is a modern classic. He
develops some of the major ideas in Euclidean geometry in the book’s first half and
in multivariable calculus in the second. In both cases, he starts from . . . nothing.
Just a clearly stated problem and a little common sense, and pretty soon, you are led
inevitably to ideas that take weeks to present in a standard calculus textbook or geom-
etry course. Equally brilliant is Robin Wilson’s Four Colors Suffice [6]. If only the
research papers leading up to the proof of the four-color theorem were written with
such clarity! Arthur Benjamin’s The Magic of Math [2] is a treatise on striking a good
balance between lively prose and mathematical rigor.

Having to pan through so much worthless silt is a small price to pay for finding
these nuggets of gold. Writing a math book can be done well.

But I sense an objection coming. Perhaps you think I am comparing apples to
oranges. Popular and semipopular writing is one thing, you might say, but textbooks
are something different. In the former, informality and enthusiasm are acceptable, but
the latter require rigor, detail, and a staid academic tone. Must everything be Sesame

Street?
Permit me to demur. If you think that is a cogent point then—and I say this with

boundless love and deepest respect—you are part of the problem. Why must rigor be
the enemy of clarity? What terrible calamity occurs when we decide that concision
is not the prime virtue and occasionally interrupt the hieroglyphics for a clarifying
sentence or two? Why is it so terrible to consider how things will look to the student
and to tailor our exposition accordingly? We expect our students to learn from texts
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written in the manner mathematicians present things to each other, and then we act
surprised that they do not warm to the subject. We may as well serve them filet mignon
on a garbage can lid.

With this issue of the MONTHLY, I will be assuming responsibility for the Book
Review column. Jeffrey Nunemacher has left me with very big shoes to fill, having
steered this column admirably for the past decade. I am grateful to him for the advice
and guidance he provided in making this transition and for the patience he showed in
answering my many queries.

The MONTHLY has a long tradition of publishing detailed reviews of high-level
books in mathematics. It is a tradition I intend to to continue, and I anticipate running
many such reviews. However, I also take a broad view of mathematics and mathemat-
ical culture. My attitude is: If it is in any way related to both books and mathematics,
no matter how tenuous the connection, then it is potentially of interest to this column.
That includes topics such as the history and philosophy of mathematics, mathematics
education, connections between mathematics and the humanities, mathematical issues
in public affairs, and many other things besides.

Moreover, we intend to transform the column from one that is strictly devoted to
book reviews, to more of a “Review and Comment” section. Toward that end, I am also
interested in publishing occasional commentary pieces of interest to a broad audience
of mathematicians, even if they are not directly related to a specific book. My model
in this regard is the New York Review of Books. I want to run pieces that will provoke
discussion and perhaps even controversy, and such pieces do not necessarily have to
be traditional book reviews.

I am happy to consider unsolicited manuscripts, but I request that you send me a
query letter first. You do not want to waste time reviewing a book, only to find I already
assigned it to someone else.

Many of the books that come across my desk are of the sort that require a special-
ist for a proper review. Just as often, however, I receive books that are directed at a
broad mathematical audience. I am referring to the kind of book that any professional
mathematician would be competent to review. If you might be interested in writing a
review, should a book of the appropriate subject matter come to my attention, feel free
to send me an email, and I will keep you in mind. Likewise, if you see a specific book
you might wish to review, I can probably acquire a copy of it for you.

We have some interesting essays in the queue for the coming months. As the saying
goes, watch this space.
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New MAA eBook

Introduction to the 
Mathematics of 
Computer Graphics
Nathan Carter

�is text, by an award-winning MAA author, was designed to accompany his 
�rst-year seminar in the mathematics of computer graphics. Readers learn the 
mathematics behind the computational aspects of space, shape, transforma-
tion, color, rendering, animation, and modeling. �e so�ware required is freely 
available on the Internet for Mac, Windows, and Linux.

�e text answers questions such as these: How do artists build up realistic 
shapes from geometric primitives? What computations is my computer doing 
when it generates a realistic image of my 3D scene? What mathematical tools 
can I use to animate an object through space? Why do movies always look 
more realistic than video games?

Containing the mathematics and computing needed for making their own 3D 
computer-generated images and animations, the text, and the course it sup-
ports, culminates in a project in which students create a short animated movie 
using free so�ware. Algebra and trigonometry are prerequisites; calculus is 
not, though it helps. Programming is not required. Includes optional advanced 
exercises for students with strong backgrounds in math or computer science. 
Instructors interested in exposing their liberal arts students to the beautiful 
mathematics behind computer graphics will �nd a rich resource in this text.

Order now at www.maa.org/ebooks/IMCG

Catalog Code: IMCG 480 pp., ebook, 2016

ebook PDF:  $35.00 Electronic ISBN: 9781614441229



New from the MAA

Beyond Lecture
Resources and Pedagogical 

Techniques for Enhancing the 

Teaching of Proof-Writing 

Across the Curriculum

Rachel Schwell, Aliza Steurer and 
Jennifer F. Vasquez, Editors

�e challenges students can face in the transition from computational 
mathematics to proof-writing lead many instructors to seek pedagogi-
cal techniques that extend beyond standard lecture. �is Notes volume 
unites a wide variety of such techniques, along with resources to aid in 
incorporating them. Written with the busy instructor in mind, the 
articles present practical methods in a “nuts-and-bolts” fashion, for 
easy access to the details of each technique. Courses throughout the 
entire undergraduate mathematics curriculum are represented: this 
includes a variety of proof-based courses and also non-traditional ones 
such as calculus and mathematics for liberal arts

Beyond Lecture should appeal to both novice and seasoned instructors, 
while also hopefully providing a springboard for experimentation in 
readers’ own classrooms.

MAA members can download the ebook 

for FREE from the Member Library.

Catalog Code: NTE85 332 pp., Paperbound or ebook, 2016
Print on Demand: $56.00 Print ISBN: 9780883851951
ebook PDF:  $28.00 Electronic ISBN: 9781614443209



1529 Eighteenth St., NW  O  Washington, DC 20036

Need a text for a QR course?

Common Sense 

Mathematics
Ethan D. Bolker and Maura B. Mast

&RPPRQ�6HQVH�0DWKHPDWLFV�LV�D�

WH[W�IRU�D�RQH�VHPHVWHU�FROOHJH�OHYHO�

FRXUVH�LQ�TXDQWLWDWLYH�OLWHUDF\��7KH�

WH[W�HPSKDVL]HV�FRPPRQ�VHQVH�DQG�

FRPPRQ�NQRZOHGJH�LQ�DSSURDFKLQJ�

UHDO�SUREOHPV�WKURXJK�SRSXODU�QHZV�LWHPV�DQG�¿QGLQJ�XVHIXO�PDWK�

HPDWLFDO�WRROV�DQG�IUDPHV�ZLWK�ZKLFK�WR�DGGUHVV�WKRVH�TXHVWLRQV�

Catalog Code:  CSM

E-ISBN: 9781614446217

ebook:  $30.00

MAA Textbooks

Print ISBN: 9781939512109

List:  $60.00

MAA Member: $45.00

328 pages, Hardbound, 2016

To order a print book visit  www.store.maa.org  or  call 800-331-1622.

To order an electronic book visit  www.maa.org/ebooks/CSM.
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