ON ANALYTIC ORNSTEIN-UHLENBECK SEMIGROUPS IN
INFINITE DIMENSIONS

JAN MAAS AND JAN VAN NEERVEN

ABSTRACT. We extend to infinite dimensions an explicit formula of Chill,
Fasangovd, Metafune, and Pallara [2] for the optimal angle of analyticity of
analytic Ornstein-Uhlenbeck semigroups. The main ingredient is an abstract
representation of the Ornstein-Uhlenbeck operator in divergence form.

1. INTRODUCTION

It is well known that a uniformly elliptic operator of the form

(1.1) Lf(z) =3 ¢ijDijf(x) + > bi(z)Dif(x), = €R",
i,j=1 i=1

where Q = (¢;;) is a real, symmetric, and strictly positive definite matrix, may fail
to generate an analytic semigroup on LP(R™) for all 1 < p < oo if the first order
coefficients b; are unbounded. Let us consider the simplest case of linear coefficients

(12) bz(,f) = Zai]‘l‘j,
j=1

where A = (a;5) is a real matrix all of whose eigenvalues lie in the open left-half
plane {z € C: Re z < 0}. In this situation L is called the Ornstein- Uhlenbeck
operator associated with @ and A. Tt has been shown recently by Metafune [11]
that this operator is closable as an operator on LP(R™) with initial domain C?(R™)
and that the spectrum of its closure, also denoted by L, equals

o(L)={2€C: Rez< —tr(4)/p}.

By standard results from semigroup theory, this prevents L from generating an
analytic semigroup on LP(R™).

The assumption o(A) C {z € C: Re z < 0} implies the convergence of the
integral

Qoo _ / etAQetA* dt,

0
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and the centred Gaussian measure po, on R” whose covariance matrix equals (o
is an invariant measure for L, in the sense that

/ Lfdus =0, fe 2(L).

The realization of L in the space LP(R™, ) behaves much better, at least for
1 < p < 0o. Indeed, for these values of p it is well known [5, 10, 6] that L generates
an analytic Cy-semigroup on LP(R"™, 11,). In a recent paper by Chill, Fasangové,
Metafune and Pallara [2], the sector of analyticity of the semigroup P = (P(t))i>0
generated by L was computed explicitly: it was shown that P is an analytic Cp-
contraction semigroup on the sector

Yo, :={re’” € C: r>0, |¢| <0}

where
(p—2)*+p°y?

2y/p—1
and + is a constant depending on Q and A. Moreover, the authors proved that the
above sector is optimal. An extension of this result to nonsymmetric submarkovian
semigroups was subsequently obtained by the same authors [3].

The purpose of this paper is to extend the results of [2] to analytic Ornstein-
Uhlenbeck semigroups in infinite dimensions and removing the nondegeneracy as-
sumption on @ (see Theorems 3.4 and 3.5 below). As is well known, for degenerate
@ the Ornstein-Uhlenbeck semigroup may fail to be analytic in LP(F, o) even in
finite dimensions. An explicit example was given by Fuhrman [5]; see also [6, §].
Our extension is based on a characterization of analyticity of Ornstein-Uhlenbeck
semigroups obtained recently by Goldys and the second-named author [8] (Proposi-
tion 2.1). Tt allows us to obtain a representation of L in divergence form (Theorem
2.3), which we believe is the main new contribution of this paper. It is the key
step in extending the arguments of the paper [2] to the infinite-dimensional setting
which we shall describe next.

Throughout the paper, E is a real Banach space and Q € Z(E*, F) is a posi-
tive symmetric operator. That is, we assume that (Qz*,2*) > 0 and (Qx*,y*) =
(Qu*, x*) for all 2*, y* € E*. The reproducing kernel Hilbert space (RKHS) associ-
ated with @ will be denoted by H and the canonical inclusion mapping H — E by
i. We refer to [12] for more details. Whenever this is convenient, we shall identify
H with its image i(H) in E.

If A is the generator of a Cop-semigroup S = (S(¢))i>0 on E, for ¢ > 0 we may
consider the positive symmetric operators Q; € Z(E*, E) defined by

cot 0, =

t
Q:x* :2/0 S(s)QS™(s)x" ds, x* e B

The integrand is easily seen to be strongly measurable and therefore the integral
is well defined as a Bochner integral in E. We shall assume that each operator Q;
is the covariance operator of a centred Gaussian Radon measure y; on E. Under
this assumption, on the space Cy(F) of bounded continuous functions f : E — R
we may define the operators P(t) by

P(t)f(z) == [E F(S(t)z + ) dpe(y).
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These operators are contractions and satisfy P(0) = I and P(t) o P(s) = P(t + s)
for all ¢, s > 0. Assuming furthermore that the family (u:):>0 is tight, by standard
arguments we deduce that the weak limit

Moo = lim py
t—o0

exists. The measure ji is a centred Radon Gaussian measure on E whose covari-
ance operator Qo equals the weak operator limit Qo = lim; .o, Q. As is well
known, the semigroup P = (P(t))¢>0 extends in a unique way to a Cp-semigroup
of contractions, also denoted by P = (P(t))¢>0, on each of the spaces LP(FE, pioo),
1 < p < oo. The generator of this extension will be denoted by L. As before
the measure jio, is invariant for L. On a suitable domain of smooth cylindrical
functions (see below) we have the representation

(1.3) Lf(z) = 5trQD*f(x) + (z, A"Df(x)),

where D f denotes the Fréchet derivative of f. For the proofs of these facts and
more information we refer to [8] and the references given therein. Note that for
E = R? the formula (1.3) reduces to the special case (1.2) of (1.1).

This paper is an outgrowth of the 8th Internet Seminar “Analytic Semigroups
and Reaction-Diffusion Problems”. The results were presented at the closing work-
shop in Casalmaggiore (June 2005).

2. ANALYTICITY OF THE ORNSTEIN-UHLENBECK SEMIGROUP

We say that a semigroup of operators T' = (T'(t))+>0 on a real Banach space X is
analytic if its complexification Te = (Te(t))r>0 on X¢ extends analytically to some
open sector Y containing the positive real axis. If this semigroup is contractive on
(a possibly smaller sector) ¥ we call T' an analytic contraction semigroup.

Under the assumptions stated in the Introduction (which are adopted through-
out this paper) and with the notations introduced there, we have the following
characterization of analyticity for the Ornstein-Uhlenbeck semigroup P [8].

Proposition 2.1. Let 1 < p < co. The following assertions are equivalent.
(1) The Ornstein-Uhlenbeck semigroup P is analytic on LP(E, pioo);
(2) There exists a constant ¢ = 0 such that for oll x* € P(A*) we have
Qo A*x* € H and

Qoo A%z | < cfli™a™ |-

If these equivalent conditions are fulfilled, then the semigroup P is an analytic
contraction semigroup on LP(E, jis).

For the rest of this paper it will be a standing assumption that P is analytic
on LP(E, is) for some (and hence all) 1 < p < oco. Since i* is weak*-to-weakly
continuous, it maps Z(A*) onto a dense subspace of H and therefore Proposition
2.1 implies that there exists a unique bounded operator B € Z(H) which satisfies

(2.1) Bi*x™ = QuoA™x™, " € P(A").
Moreover, || B < c.

Lemma 2.2. We have B+ B* = —I and [Bh,hlg = —1||h||3; for all h € H.
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Proof. For z* € Z(A*) we have Qocz™ € Z(A*) and AQoor™ + Qoo A*z* = —Qx*
[8, Proposition 4.1]. Hence, using (2.1) it follows that iB*i*x* + iBi*x* = —ii*z*.
Since 7 is injective this gives B*i*x* + Bi*z* = —i*x*. The second identity follows
from [Bh, hls = 3[(B + B*)h, bl = — 5 [hl|%. O

Let ZC¥!(E) denote the linear subspace of Cj,(E) of all functions f of the form

(2'2) f(‘r) =¢(<1‘,$T>,...,<1‘,.’L‘Z>),

where 7 € P(A*) forall j = 1,...,n and ¢ € CF(R") has compact support. Here
A*lis the I-th power of the adjoint of A. We write #C*(E) = ZFCHO(E). Tt
follows from [8, Theorem 6.6] that #ZC%*!(E) is a core for L in LP(E, jico).

For functions f € ZCL(E) of the form (2.2) we define the Fréchet derivative in
the direction of H by

D f( :Za—‘b N

The analyticity of the Ornstein-Uhlenbeck semigroup P implies that for all 1 < p <
00, Dy is closable as an operator from LP(E, ji) to LP(E, i0o; H) [8, Proposition
8.7]. In what follows we shall denote its closure again by Dy. We write W;I’p (E, thoo)
for its domain, which is a Banach space with respect to its graph norm.

Let H., denote the RKHS associated with Qo and let iy : Ho < E be the
natural inclusion mapping. The mapping

(2.3) o(itx™) == (z,2"), z* € E*,

extends uniquely to an isometry ¢ from H, onto a closed subspace of L?(E, o).
For h € Ho we write ¢ := ¢(h).

The next theorem generalizes results which were proved by Fuhrman [5], and
Bogachev, Rockner and Schmuland [1] in a Hilbert space setting.

Theorem 2.3 (L in divergence form). For all f € #ZC*Y(E) we have BDyf €
2(D3;) and

Lf=D%BDyf.
Proof. Define the operator V' with initial domain Z(V') := i E* from H, to H by
Vit x* := i*x*. By [7, Theorem 3.5], the closability of Dy implies the closability

of V; its closure will be denoted by V' as well. For all z* € 2(A*) and y* € E* we
have

[Bi*z*, Visy*lu = [Bi*z",i"y"|n = (QeoA™2", y") = [i5 A", 15,y | e
Hence, Bi*z* € 2(V*) and V*Bi*a* =5 A*z*.
(From [7, Theorem 3.5] we know that for all g€ FZCYHE) and h € 2(V*) we
have g ® h € 2(Dj%;) and

(2.4) Dy (9 ®h) = ¢v=ng — [Dug, hlu
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Fix a7,...,25 € 2(A*) and define T : E — R" by Tz := ((z,z7),..., (x,x%)).

rn

Using the identity B + B* = —I we obtain, for f € FC%(E) as in (2.2), that

ZZ[i*xz,Bi o o zka

Jj=1k=1
%ii ([i*xy, Bi*a} ]H—i—[z*x;,Bi*xZ]H) ¢ oT
(2'5) j=1k=1 317]8xk

— 1 [Z*.’II*,Z*.’IJ*]
=—1tr D%

Combining (2.4) (applied with g = 5974; oT) and (2.5) we obtain

" - ¢ 9 .
DyBDyf = Z¢V*Bi*z; (% oT) — [DH(% oT),Bi :zrj}H
i=1 i J

_Z< Az >(6$joT)—Z- [i*xy, Bi* 2}y Fer0; oT

j= k=1 j=1

= (-,A*Df)+ $tr D3, f = Lf.
O

This result allows us to study the properties of L in L?(E, o) with form meth-
ods. Let ¢ be the densely defined form with domain 2(£) = Wj*(E, jise) defined
by

In this formula, the brackets refer to the inner product of L?(E, fioo; H).

Proposition 2.4. The form { is closed, continuous, and dissipative. Moreover, L
is the operator associated with £, and 2(L) is a core for D({).

Proof. To prove closedness we need to show that 2(¢) is complete with respect to
the norm || f|l¢e := || fll2 — Re £(f, f) (= || fll2 — ¢(f, f) since we are working over the
real scalars). This follows from the fact that Dy is a closed operator with domain

W32(E, fiso)- To prove continuity we need to show that there is a constant M > 0
such that [¢(f,g)| < M|/ fllellglle for all f,g € Z(¢). This follows from

(9l <IIBI-IDufllz2 - 1Drgllz < 20BI - [[f]le - lglle-

To prove dissipativity we need to show that ¢(f, f) < 0 for all f € 2(¢). This
follows from

((f,f) = (BDuf,Duf) = =3||Dufl5 <0
The fact that L is associated with ¢ follows from Theorem 2.3; that Z(L) is a
core for Z(¢) follows from [13, Lemma 1.25]. O

We shall not pursue this point here and content ourselves with the observation
that Proposition 2.4 implies that in L?(E, jis) we have the domain inclusion

D(L) = Wi (E, pioo).
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3. THE SECTOR OF ANALYTICITY OF THE ORNSTEIN-UHLENBECK SEMIGROUP

Let X be a complex Banach space. For an element x € X we define its duality
set by
Oz :={a" € X" : [|lz] = [[=*|| and (z,2") = |[z[| [l="[|}.
By the Hahn-Banach Theorem, d(x) # @ for all z € X.
Ezample 3.1. Let (M, ) be a o-finite measure space and let 1 < p < co. With

respect to the duality pairing (f,g) = [,, fgdp (note that there is no complex
conjugation), for all f € LP(M) we have

of = {IfI;77f .
where f* := |f[P~2f.
Fix 6 € [0, %) and put
Cy := cot 0.

Note that A\ € E%_g if and only if [Im A| < Cy Re A\. We will apply the following
well-known criterion to show that the Ornstein-Uhlenbeck semigroup is analytic on
a certain sector in the complex plane. For a proof see [9, Theorem 11.4].

Proposition 3.2. Let o7 be a densely defined operator on X and assume that
1 € o(o). The following assertions are equivalent:

(1) o generates an analytic Co-semigroup on E which is contractive on Xg;

(2) For all0# x € 2() and all z* € I(x) we have
[Im (&7x,2%)| < —CyRe (', 2);

(3) For all 0 # x € P(of) there exists x* € O(x) such that
Im (Zz,2%)| < —CyRe (Fx,x").

After these preliminaries we return to the setting of Section 2 and leave it to the
reader to check that all results proved so far can be extended to the complex case
by means of complexification.

Repeating the computations of [2] we arrive at the following two identities:

Lemma 3.3. Letp € [2,00) and f € FC?'(E). Then,
—Re [BDu f, Dy f*|lu = —Re [B*Du f, Dy f*]u
=P ((p — 1)Re (fDu )3 + Mm (fDu f)lI);
and
Im [BDg f, Dy f*|g = plfIP~*[(B + %I) Im (fDuf),Re (fDuf)]
Im [B*Dy f, Dy f*|u = pl fIP~*[(B* + %I) Im (D f),Re (fDuf)] -

Theorem 3.4. Assume that the Ornstein-Uhlenbeck semigroup P is analytic on
LP(E, o) for some (and hence all) 1 < p < co. Then for all 1 < p < oo, P is
analytic and contractive on the sector ¥g,, where

(p = 2)? +p*7?
2v/p—1

(3.1) cot ), ==

and v := ||B — B*||.
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Proof. The proof follows the arguments of [2]. First we take p > 2. Using that
B — B* is skewadjoint it is easily checked that

1B+ 310 = 192 + (5 - 1)
Let f € ZC*(E) be fixed. With
a:=|Re (fDuf)lu, b:=|Im (fDuf)lu
it follows from the first equality in Lemma 3.3 that
—Re [BDu f, D f*lm = 5|7 ((p — 1)a® + b?).
By the Cauchy-Schwarz inequality and the second equality in Lemma 3.3 yields
[Im [BDy f, Dy f*|u| < |fIP~*abey/p — 1,
where ¢, := /p?72 + (p — 2)2/2\/p — 1. Hence, using the inequality 2aby/p — 1 <
(p—1)a® + b,
(3.2)
[tm [BDp f, Du f*lu| < 51f1P*ep((p — 1)a® +b°) = —¢, Re [BDp f, D [ ur.
In a similar way one proves that
(3.3) \Im [B*Dp f, D f*]u| < —cpRe [B*Du f, D f*]u.

(From Proposition 2.4 and (3.2) we obtain

o [ 27+ du| < [ |0 (BDu s BDu L] i

</ —cpyRe [BDy f, Dy f*| 1 dpioo = —che/ Lf-f*dus.
E E

By approximation this inequality extends to all f € Z(L). Now we can apply
Proposition 3.2 to obtain the desired result.
For p € (1,2) we use a duality argument. For f € #ZC2?1(E) we have

/ L f* dpoe = / (B* Ditg, Dugla diioe,
E E

where g := f* belongs to LY(E, i), % + % = 1. The desired result now follows
from the estimate (3.3) applied to g. O

This result is optimal in the following sense:

Theorem 3.5. If, for some 1 < p < oo, the Ornstein-Uhlenbeck semigroup P on
LP(E, o) is analytic and contractive on a sector ¥g for some 6 € (0,7), then
0 < 0,.

Here, of course, 6, is the angle defined by (3.1). The proof of Theorem 3.5 follows
the lines of [2], but there are some subtle differences. In particular, since we are
working in infinite dimensions the diagonalization arguments used in [2] have to be
avoided.

For h € Hy, we define K}, : E — C by

Kn(x) := exp(¢n(x) — 5[k, h]a.,),

where ¢ : Hy — L?(E, jioo) is defined by (2.3). Then Kj € LP(E, js) for all
1 < p < o0, and by a second quantization argument (see [4, 12]) we see that

P(t)Kh = KS;O(t)hv he H007 t> Oa
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first in L?(E, jioo) and then also in LP(F, i) by consistency. By an analytic
continuation argument, this implies that

(3.4) P(2)Kp = Ks 2y, h€ He, z € Xy,
where Yy is as in the theorem.
Lemma 3.6. For all h € Hy, and z € ¥y we have
(p = DlRe S5 (2)hllf., + [IIm S5, (2)All7, < (0= DIRe k7 + |[Im hlf7.
Proof. First let h = i%_a* for some x* € E* and put g(z) := exp(¢y(z)). Then

/E 9(@)IP djtoo () = /E exp(p(z. Re ) djioo (z) = / exp(pu) d(Tfio0) (1),

where 72 := (z,Re 2*) so that Tue is Gaussian with variance 0® = [[Re hl%;_.
Therefore,
2.2

P _ u? o o p
[ 19 i) =~ [ exp (pu = 50) du=exp (7).

Following the argument of [2, Lemma 7] we obtain

[ Knllp = ‘eXp(_%[h’E]Hoo)‘(/E|9(£E)|pd,uoo>1/p

_ (IIImhII%M—IIRehII%m) (pHRehII%m)
= exp exp

1

oV22r

2 2
p—1
(3.5) = exp (§1tm bl + L= IRe A%, ).
Hence, with (3.4) and (3.5),
(3.6)
[P () Knllp

1 * 2
—exp (1((p - 1)[[Re S ()11
1K, (3 R

+ It 2 (2)hll3 — (0 — DIRe hll3_ — 1 Al%_)).
Since P(z) is a bounded operator, the exponent in (3.6) has to remain bounded if

we replace h by Ah and let A — oo. Therefore the exponent is nonpositive and the

lemma is proved for elements h € Hy, of the form h = 5 x*. The result extends

to arbitrary h € Hy, by a density argument. O
Proof of Theorem 8.5. For j € {1,2} let 7 € Z(A*), h; :=i5 2z} and h = hy +iha.
As in [2] we check that for all ¢ € (—6,6),
(p—1)cos AL hi, hi)m., + cosplAL ha, holm..
< (p—1)sinp[A% ha, hi|p,, —sing[AL hy, halm., .
Observe that
[AZh1, holm., = i A a1, 525 h., = (QeoA™a], 25) = [Bi'2], i 23] H.

Therefore

(p— 1)[ALh1, hala., + [As ha, holp., = (p — 1)[Bi*x}, "2} g + [Bi*ay,i" x5 g

= —3((0 = Dll*a3ll7 + li23]1 %),
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d
(p — D[ASh2, bla, — [A R, holu.
= (p—1)[Bi*xs, x|y — [Bi"z], " x3]g
= (p—1)[Bi"zy,i"z1|g + [([ + B)i* w3, i 21| g
=[(pB + I)i*xy, "1
= %(p[([ +2B)i*ah, it g 4 (2 — p)[it a3, z*x’{]H)
follows that

sinp( — pl(I +2B)i*a3, i*a}]u + (p — 2", i)

< cosg((p — Dlli*ai |7 + 123 ]3)-

Now, using the fact that the operator D := (I + 2B) + (1 — %)I is normal and

therefore satisfies (D) = ||DJ|, the proof can be finished in the same way as in

[2]. O
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