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1 Introduction

Probabilistic background: Let @ C R? be a convex bounded domain and let 7o denote the lifetime of a
Brownian motion in €2, starting at y € €2, to be stopped at x € 2 and conditioned to be killed at the boundary
0. For n > 1 the expectation for this lifetime is known to be equal

Gq (z,2)Gq (2,9)dz
Ey(TQ):fzeﬂ ﬂéﬂ(i;)z( vz

x

(1)

where Gg (z,y) is the Dirichlet Green function for the laplacian (or, in probabilistic setting, %laplacian). Indeed,
for such a conditioned Brownian motion the corresponding diffusion has transition density

pa (t,z,2)Ga (2,y)
GQ (fﬂ,y) ’

where pq (t,z, z) is the standard kernel of the parabolic Dirichlet problem. We refer to [6], [14], [3] or [2].

The expectation for the lifetime of conditioned Brownian motion plays in important role in the probabilistic
approach to Schrodinger operators. Major estimates on EY (1q) are due to Cranston and McConnell. Indeed, in
[4] it is shown that there exists an absolute constant ¢ such that for every two-dimensional domain

pgz (t,$, Z) =

Ef (ra) < c (9], (2)

where ) is Lebesgue measure of Q. In higher dimensions, n > 3, Cranston [5] proved E¥ (17q) < ¢(f2) and here
¢ (92) does depend on the Lipschitz nature of the boundary. Local estimates of the type E¥ (1q) < fqo (z,y) are
established in [12].

A link to elliptic systems: Our interest in this quantity comes from the fact that M., defined by \;! =
sup {EY (1q);xz,y € Q}, appears as a bound for the parameter in noncooperative elliptic systems in order that such
a system is positivity preserving (see [12]). For the trivially coupled system

—Au=f—XM in,
—Av=f in €,
u=v=0 on 01},

f > 0 implies u > 0 if and only if A < A.. The positivity preserving property for this system implies that property
for more generally coupled systems. We refer to [11]. Note that we use the analyst’s —A instead of —%A. All
numbers quoted from the references have been rescaled to —A. The reader from probability should add the factor
2.

Relation with domain shape: Let us return to known estimates for this expectation. If one looks for the
maximum expected lifetime, heuristically this should be attained in a pair of points (z,y) € Q2 which are, in an
appropriate metric, as far apart as possible. If ) is a rectangle, the pair of points which maximize EY (1q) is
expected to sit in diagonal corners, if it is an ellipse, they should sit on the long axes. In fact, Griffin, McConnell
and Verchota have shown in [8, Corollary 2.4] that for planar domains these points are located at the boundary
provided one of them is located at the boundary:

sup {EZ (tQ);x €00,y € Q} = sup {EY (1q) ;z,y € 00} =: s(Q). (3)



It is believed that a stronger statement holds true:
sup {EY (1) ;2,y € Q} = sup {EY (10) ; 2,y € 0Q}. (4)

It was also shown in [8, Theorem 3.1] that s(Q2)/|Q] < 1/7 = .318309..., and that this upper bound is optimal.
In other words the best constant ¢ for (2) is 1/.

In [13, Theorem 2] Jianming Xu studied estimates from below for s (£2) . He showed that there exists a universal
constant v for two dimensional convex domains such that s(2)/|Q2] > =, and that without a convexity or similar
assumption on {2 we cannot expect this result. In fact, Xu showed that amobae-like domains which have many
thin necks can have s(2)/]€2| as small as we wish. Our paper is sort of a contribution towards determining ~. If
a convex domain (2 is “everywhere thin”, in the sense that no two points x and y in 2 are too far apart from
each other, then one might expect s(2)/|Q2 to be small. This heuristic consideration led Griffin, McConnell and
Verchota [8, p. 244] to the open question, whether the optimal constant 7 is given by the disk, in other words,
if s(Q) > s(Q*) for any convex plane €). Here Q* denotes the disk of same area as Q. It is well known that the
disk has many isoperimetric properties: it minimizes for instance the diameter, the perimeter or the first Dirichlet-
Laplace eigenvalue of a domain of prescribed area. In [8, Prop. 4.2] it was shown (in our notation with A) that
s(Q)/1Q*| = (2log2 — 1)/m = 0.12296 . . ., which implies that v < 0.12296.. ...

Main result: We shall show that the disk does not minimize s ({2) among all convex planar domains of given
area by constructing a counterexample, that is a domain S for which s(S)/|S| = 3/8m = 0.11937.... Therefore the
optimal v must satisfy v < 0.11937... < 0.12296.. ., and so the disk does not minimize s(2)/|€|.

v sector S disk ‘infinite’ rectangle

‘ ‘ convex domains ‘

0 (?) 0.11937  0.12296 0.31830 s(Q)

—_—

Our choice of S was motivated by the consideration that domains with large perimeter but small diameter seem
to have small s(2)/|Q]. A larger perimeter leads to killing more of those Brownian paths that are “wandering
around” and tends to decrease the expected lifetime. A good candidate in this respect is an equilateral triangle.
Numerical results seemed to confirm, that on an equilateral triangle the maximum of EY (7q) is attained if « and
y sit in corners of the triangle and this maximum value is very close to the one of the disk. The result however
was to imprecise and hence unconclusive. A major complication for a direct computation is the fact that we do
not have an sufficiently simple explicit Green function for a triangle at our disposal and had to approximate it by
a series.

On the other hand, replacing the straight lines of the triangles by
convex arcs, even seemed to slightly decrease s(2)/]€2|. This could hint
at a domain like the Reuleaux-triangle [9], a ‘triangle’ with circular arcs,
as a potential minimizer. However, the Green function for a Reuleaux-
triangle does not seem to be available in a convenient form either. There-
fore we looked for a domain which was close to a triangle or Reuleaux-
triangle and for which we could calculate the Green function in an suf-
ficiently simple formula. Such a domain indeed exists, namely a sector.
To state our results, we define S to be a sector of the unit disk

S:={zeR?*z[<land 0 <argz < 3}
The main work of our paper goes into proving

Theorem 1 sup {EY (15);2 € 0S,y € S} = & = & |S|. Notice that & =0.11937... .
An immediate consequence is

Corollary 2 Among all conver two-dimensional domains § of given area the disk does not minimize
sup {EY (75);2 € 0Q,y € Q} .



Outline of the proof: In Section 2 we compute the explicit Green function for S. We are not able to explicitly
calculate the iterated Green’s function, i.e. the enumerator of (1), but due to (3) it is sufficient to analyze the
behaviour of (1) for « and y on the boundary 95.

Note that both the enumerator and denominator in (1) go to zero on the boundary dS. In order to compute
it for z and y on the boundary 05, we divide both terms in Section 3 in such way, that not only they converge
to a nonvanishing function on the boundary. Moreover, we choose the divisor in such a way, that the remaining
integrand becomes a rational function of z; and z5. Due to symmetry we have to distinguish just four cases for the
locations of x and y, each of which is treated in a separate section, i.e. Sections 4 to 7.

We proceed by rewriting the integral in terms of polar coordinates (#,7). Since in each case the integrand is
rational, it allows us to perform the integration with respect to # by means of a contour integral in the complex
plane. In fact, by grouping appropriate terms together, we are able to come to a closed contour. Distinguishing
numerous subcases, we can in each subcase identify the poles of the integrand and apply the residue theorem to
evaluate the integral with respect to . The resulting expressions contain rational functions and logarithms in r
which allows us to perform an explicit integration with respect to 7.

As one might guess, the expected lifetime has local maxima when x and y are two distinct corner points. The
supremum is indeed attained, when x is at the vertex and ¢ on any place of the circular sector of 9S. If one restricts
attention to these particular x and y only, the computations are much simpler. However, we felt the need to give
a proof, that the supremum is attained in those points.

Since all these calculations are very elaborate but hardly contribute to the basic understanding, only a shorter
version of this manuscript will be published ([10]).

2 The Green function

The Green function on the unit disk is as follows:

Gomw%:11%<ﬂxm>’

2 [z =yl

where [X Y] = ‘33 lyl —y \y|_l‘ = \/|az:|2 ly|* = 22 - y + 1. The function defined by

u(x) = /y<1 Go (z,y) f (y) dy

solves, with Q@ = O = {z € R%; |z| < 1},

—Au = f in Q,
u = 0 on 0.

With this function we may build the Green function for the sector S. Using the notation R for rotating with
27 around (0,0) and S for reflecting in x5 = 0 we obtain

Gs(z,y) = Gol(z,y)+Go(Ra,y)+ Go (RPz,y) +
- GO (8.13, y) - GO (RS.T, y) - GO (R25$, y)

27 |z —y||Re — y| [R2z —y| [SX Y][RSX Y][R2SX Y]

1 < (X Y][RXY][R?X Y] [Sz —y||RSz — y| |R*Sx — y|>
2m

Notice that we may rewrite Go (x,y) as

1 1—|z))(1 - |y? 1
%@whmo+<|xxmv 1,

. _
|z -y

1—Xxy
X—-y

with x = 21 + iz € C ete.



3 Four boundary combinations and limits of the Green function

We introduce the notation

rh = {(a0);0<a<1},
I, = {(cos&,sin@);ogegéﬂ},
I's = {(TCOS%W,TSin%TF);OSTSl}.

Depending on the location of # and y in one of these I'; we have nine cases of which we distinguish the following
four, since the remaining ones follow by symmetry.

Da,yely, 2)zxel,yely, 3)z,yely, 4)zely, yels. (5)

In order to evaluate the enumerator of (1), we take the limit inside the integral. Without this procedure the
integrand contains logarithms which we are unable to handle. Subsequently we derive expressions for G as one of
the arguments approaches the boundary. This will also help us to control the limiting behaviour. Since there are
straight and circular parts of the boundary we distinguish two cases. For later reference let us record these.

a) For x near I'y one has x5 small and one finds by direct calculus that

1 4x91o 1 4x2y2
Gs(z,y) = Elog (1 + z —y|2> — Elog (1 + [XY]2> +

1 1
N ilog (1 B 4x9 (%Z/z + é\/§y1)> 7 ﬁlog <1 _ 4zq (53/2 + 2\/5’;111)) +

! 4 392~ 5V3 1 4 1y, —1./3
+ —log|1- z2 (592 2\2[?}1) — log(1- w2 (592 Q\nyl) ©)
with
Ry = (o 33 1V~ dun)
R%y = (—%?h + %\/gyg, _%\/éyl _ %92) )
b) For = near I's one has 1 — |z| small and it follows that
1 1 — 121®)(1 — |yl?
Gs(z,y) = —log 1_( |z[7)( ~ ") n
4” |z~ y]
1 1— o)1 = |y 1 1— 1z (1 = lyl?
+ —log L A=z 2Iy\ ) v Log L A= l2P)( 2|y| AN
4n Rz — y 4 R?z —y|
1 1—J2[)(1 — |y 1 1 — 12121 — |yl?
R PO €l 2Iy\) R P ol Gl 2Iyl) N
4 |Sz — y| 4 |IRSx — y|
1 1 — 2 1— 2
IR S TRTTON i
An |R2Sz — y

4 The case that z,y € I'y

In the first step for the computation of (1) we shift the limits inside the integral as follows:

[t G 53) y G o),
i Jocq Ga(,2) Ga (2,y) dz _ Jswelo @ wlo g (8)
2210, ¥210 Gaq (z,y) lim Gs (z,y) ’

7210, y2l0  T2Y2

For all three limits in the right hand side we can use representation (6).



4.1 Limit of the Green function

(From the expression in (6) we find

lim GS (’Ia y) _
.’EQLO $2

w—yf YT o —Ryl
%yz + %\/§y1 _ %yz - %\/gyl n %yz - %\/§y1
[XRY? |z — R2y[? (XR2Y]> |

( Y2 Y2 %y2+%\/§y1 n

5=

Replacing y by z = (r cos 6, rsin ) we obtain

. Gg(z,z 1 z z
lim Golwz) 1 2 : 2~ e |+
x2l0 X T\ |z|” — 2z121 + |2| 1—2x121 + |z|” |2]

1 ( —%\/321 - %2’2 —%\/32’1 - %22 )

jof* = 221 (=321 + 3V32) + |2 1-221 (—521 + %ﬁzz) + [l [2f*

+ 1( %\/gzl %Zz l\le >
T\ |z)® = 221 (321 — 2V32) + |2 127, (=22 — fZQ) + |z |2
_ 1 22: ( rsin (9 + flmr) 3 rsin (9 + %kjﬂ') (10)
it :E — 2217 COS (0 + 2k7r) +7r2  1—2zircos (9 + %Imr) + x%rQ '

Using the symmetry Gg (z, z) = Gs (2, z) and replacing « by y we find a similar formula for

G
lim S (Zv y) _
y210 Y2

22 z2
52| T
—2y121 + \Z| 1 —2y121 + |yl 2]

( —3V3z1 — 32 —3V3z1 — 32 )

3=
S| = /\

+
o =20 (=321 +3V32) + 1 1= 200 (=321 + 5VB2) + Iy 1P
i3 3V34 — 522 3V321 — 5% _
7\ =2 (i~ 5VB) 4 17 1= (“ba— 1V3) oI
rsin 6 rsin 6 N
Yy} — 2y1rcosf+1r2 1 —2yircosb + yir?

3
SN—

(
y? —2yrrcos (0 — 2m) + 12 1 —2yircos (0 —

(

(

I
3 | =
3=

3
S—
_|_
<
Lol V)
m
[\v]
N———
+

( rsin( —%77) rsin (6 —

—_

rsin (0 + %ﬂ') rsin

+ = - 11
T (y% —2y1rcos (0 + 27) + 72 1—2y;7cos (11)

oWl oa\to wNo
3
SN—

3
S—
+
<
Lol V)
3
[\v]
N———

The last limit in this subsection is the denominator

.. Ge(ryy) 1 (1 Y2 Y2
lim lim ——————= = lim — | — 5 5 — =5 | +
y2102210 Ty Y210 Y2 \ T\ |x|” — 2z19y1 + |y| 1—2z1y1 + |z|” |y]
L1 —5V3y1 — 5y B —3V3y1 — 3y
2 — 221 (— 3y + 3V3y2) + yI* 1= 221 (—3u1 + 2V3ye) + [af [yl

+
L1 $V3y1 — Sy B $V3y1 — 3u2
m |a:|2 — 221

3
(—2y1 — 3V3y2) + |y 1—2z; (—1y1 — 2V3y2) + |z[* |y|?




1 1 1
T 2 7|t
m <(1’1 —y)” (1—zy) )

1 1
={- + +
@ ( i+ oy +yi 1+a +I%y%)

1 (_ 13y 13y, )

+ lim — +
wlomyy \ o — 220 (—3u1 + 5vVBye) + y° 1211 (— 5y + 3VBy2) + |2 [yl

+ lim — %\/gyl + 7%\/§y1
y210 Y2 |3:|2 + 221 (3y1 + %\/gyz) + |y\2 142z (301 + %\/ng) + \m|2 |y|2

1 1 1

. 2 3 |+

T\ (1 —y1)" (I—z111)
1 ( 1 n 1 >
T\ ity +y; L+ +atyd

4 lim %\/§y1 ( 1 B 1 ) .
wlo myp \1 =22y (=g +5V3u) + 2 ly* J2l — 220 (= 5w + 5V3u2) + lyl’

+ lim %\/gyl ( L — L >
vlo my2 \Jz? 4221 (yn + 3V3Buye) + ly[° 14220 By + 2vBy2) + |2 y)?

1( 1 )+
T\ (r1—y1)?  (1—zy)?

1 1 1
+= (= + +
™ ( itz +yi 1+zp+ x%y%)
. %\/gyl 1 1
T IH% 2 1 1 2 2 1 1 2 +
v2l0 my2 \ Jof” + 221 (Gun + 5V3u2) +1ylT Jol” — 200 (= 5w + 5V302) + 1yl
FE %\/gyl 1 1
11m —
w2l o \1=2u1 (=g + 5V3us) + el |yl® 14221 (3y1 + 3V3ua) + [ [yl

1 1 1
T 2 7 |+
m <(Il —y)”  (1—zy) )

1 1 1
— (- - +
™ ( oy +yl 1+ am +$%y%>
i 2Y30 —4a11v/3y,
i\ (af + 201 (31 + $v302) + 1yl (Iol® + 221 (B = 3v3i) + o)

ot 2V 4153y
el0 myz \ (14200 (3 = 3v3u2) + 1l o) (1+ 200 (3un + $v3u) + o )



1 1 1
= - 2 = 7|t
m ((l’lyl) (1 —191) )

1 1 1
+ = - +
™ (1 +ziy +2fy; 24 T +y%>

1 3 3
4= ( L1yl _ L1Y1 ) ) (12)

2 2
T\ A +zy +27y3)” (2] 4z +v7)

4.2 Derivation of a contour integral

We introduce the notation

rsin 6 rsin 6
h(6) = 22 —2xrcosf 412 1 — 2wy cosf + x2r2 (13)
rsinf rsin 6
9(0) = y? — 2y1rcosd + r2 1 —2yircosf + yir? (14)
and the integral to be evaluated becomes
m? /:1§7T lim Gs (@,2) lim Gs (%,9) do =
9—=0 2210 T2 y210 Y2
= /0; (h(@)+h(0+2m)+h(0+37)) (9(0)+g(0+2m)+g(0+3m))do
= %/; (@) +h (04 5m) +h(0+37)) (9(0) +9(0+ Fm) +9(0+ 57))do
27
- %/H (h(O)+h(0+2x) +h(6+4m)) (9(0) + g (0 +2m) +g(6+ 2n))do (15)
= %/9_0 (h(0)+h (0+357) +h(0+57))g(0)do. (16)

Here we have used that h and g are odd and 27-periodic. Note that the integrand contains singularities due to h
at 6 € {07 %w, %71’} when r = z1, and due to g in # = 0 when r = y;. The singularities are integrable whenever

x1 # y1. To apply Cauchy’s residue theorem, we introduce complex notation. We call w = re?. Then rsinf = “’;ﬁ

T . — 2 . . .
,rcost = “’JQF“’, idf = dw/w, w = =, and after some straightforward computations we arrive at:

h (6) 1 w— W w— w
2i \z? — 21 (w+w)+ww 11—z (w+ D)+ 23ww
—2 -2
_ 1 1 x T
2i\w—z1 w-—z w—x7" w—ay’
-2 -2
_ i w _ 1 T 1
20 \r2—zyw w-—x1 r2—zi'w w—ap?
2 -2 —-2,.2
= l L 2 =l 1 7 il ! ) (17)
i \w—mr® w—x w—zy T2 w—m
—Zmi -2
e 3™ r? x
1
h(0+3m) = —; 5— + -+
w—xr2e” 3™ w—x] e 3"
xy %r? 1
- . (18)
w— ] tr2e” 5™ mi |
w—xe 3



e%ﬂi 2 -2

r x
4 1
h(0+3m) = . + +
3 2i 25 —1 2
w—x1re3 w—x] e3
a:l_2r2 1
-1.9.2mxi 2
w—xy res w—z,e3"™

We find

7

#(16) = g j{ | <\II:J:1,O,T (w) + \Ijxhl,r (w) + \1111,2,7‘ (w) ) \IlyhO,r (w)
w|=r

poles wy:
[w.| <7

where we define

ree e

2 2
2 gmmi t_2 —3gmmi

(W) 1=

2
t=2p2e 3™

2 2
w—tr2e 3M™  w—t-le”3™M™

e

2 .
—3mmi

w—t1r2e
For later use we also define
1

Jl(xlayhr;w) = E

2
Uyy00 () D oy mr ()
m=0

+

2 2 -
3m7rz w_te 3m7rz

dw

Let us remark that the factor w='W, ¢ .(w) in (20), (22) has a removable singularity at w = 0.

4.3 Computation of the contour integral

(19)

Without loss of generality we may assume that x; < y;. Then, according to the size of r, the integrand has different
sets of poles. In the following table we give a scheme in which we denote how we split the integral (and which

range of r corresponds to which poles).

poles due to: Vel 0,r W1 W o W0,
range: ai. [ as. by. [ bo. c1. [ ca. dy. [ ds.
2 2 2 24 2 7%‘“ 2 25 2 %ﬂ'i 2 2
re 0,z 1. 1T | zir%e 3 e r1r°e3 re T L
€ (0,z1) 1 o 1 o 1 g Y1 m
_ 2. _z e e 2
re(z1,y1) | IL z172 | 21 | z1r2e” 37 | x1e” 37" | x172e37" | x1e37" | y172 ;—l

P 7 7 P
r € (y1,1) II1. 172 1 z172e7 3™ | 21737 | z1r2e3™ | 21e3™" | yir? Y1

For ease of writing we define for z € C the function Ln (z) := In |z| + i arg (z) with arg (z) € (—m,7]. The function

z +— Ln (z) is a primitive of z — 27! on C\ (—o0, 0].

Next we calculate the residues, one by one, as listed in the table.

I, IT and III, a;: pole at w = x;72.

Res (Jl (xlvylar;w)> =

1 ( r’ it ot 1 )
o \wr? —yir? w2 —yt mr? —y 2 a2 -y
_ 1 1 1 + 1 1 1 1
ziyr \ 1 — 2191 — % x2ydr2 — :rllyl 372 — %

(23)



I, as:

IT and III, as:

I, II and III, b;:

I, b2:

1.2

pole at w =z "r=.

Res <J1 (xl,yhr;w)) =

-1
w=x] r?

_xl—Z,rQ ,',,2 y1—2 y 27,,2 1
ot \ap'r2 —yr2 a2 -yt a2 — gy a2 gy
1 1 1 1 1 1 (24)
= 2 1 -2 T
yil—30 l—awyn -z yir?— 3
pole at w = x1.
Res <J1 (x17y177‘;w)) =
w=x1
2 —2 -2, 2
o i T n Y1 U _ 1
- _ 2 —1 —1,.2
T1 \T1 —W7r 1 — Y rr =y r 1 —Y
1 1 1 1 L 1 1 (25)
- = 1 - o2 z
Ty \1 =71 1—xm r2—ziy1 Y3 7"2—?71
2 —gwi
pole at w = z17r°e” 3™,
Res (Jl ($17y1a7‘§w)) 2 =
w=z1r2e 37"
2 -2 -2 2
_ 1 r n Y1 YT _ 1
N 1 2 7271'1' 2 2 727”2 -1 2 72771' —-1,.2 2 727”2
xrirée 37 —yr rirée 37—y, rirée 37—y r rirée 37—y,
gﬂ'i gﬂ'i 27‘I’i
e3 1 1 e3 1 e3 1 2%
o T1Y1 T B 27”- T I%y% 2 1 ST I% 2 Y1 27”- ( )
e3” — a1y e3 =L re — ——e3 re — ==e3
a8 Z1Y1 1
—-1_2 —gﬂ'i
pole at w =z "rfe” 3™,
Res <J1 (xl,yl,r;w)> g =
U}:fl‘;l?"26737”
2 9 —2n 2 -2 -2 2
x,r°e 3 r Y1 Yy r 1
$717'267%7”. —1.92 —%ﬂ'i 2 + —1_.92 —%‘n’i -1 —1..92 —%Tri —-1,.2 —1_.92 —%7\'1:
T, r’e —yr T, T%e -y T, T%e -y, T T, T%e Yr
2 )
e3™ 1 2 1 2, 1 e3™ 1
3. T ] Tm T €0 2 2 7 (27)
Y1 1_%637” — T1y1€ r2 — zyye3™ Y1 2 _ mi 3T
1

10



2
II and III, by: pole at w = z1e” 3™,

2=
w=zie 37"
—gﬂ'i 2 -2 —2,.2
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- i r + Y1 yr -~ 1
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. 2
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I, IT and III, d;: pole at w = yi72.

Res (J1 (x17y1,7”;w)) =
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I and II, ds: pole at w = yf17°2.
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ITI, dy: pole at w = y;.

Res (J1 (xhyl,?“;w)) =

w=yY1
1 r? n xl_Q x72r? 1 n
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k=0 r2 — zqy1e3°" 12 %63 ™

4.4 Integration in the radial direction

It remains to combine the appropriate residues and to integrate them with respect to r. In doing so, we integrate
r in three steps; from 0 to x1, from z; to y; and from y; to 1. In each step we list the appropriate residues and we
rewrite them as partial fractions with each denominator linear in r2.

e For r € (0,z7) this procedure leads to the integrand

I (w1,y157) = #23) + #2a) + F#26) T F2r) + F(20) T F(30) + F(32) T FH33) =

1 ( 1 1 ) L1 1 11
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Y1 T1Y1 1
e3™ 1 2 1 2 1 e3™ 1
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+ —e 3™ 57— +e 3™ Y 7 -t
LN e 3™ L —zyye” 3™ 72 — 110 37 Y2 e 3™
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so that, after a tedious calculation
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{ln (mlyl — 7"2) — % In (iﬁ
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2 . ) 37 2 .
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Xy T
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Y1 T1Y1

1 3
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i 191
2
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2
e
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2
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_ m 1961)1 w+

Y1 y1

<ln yi+yued o +y1x1 S G (1 ) +
1

+ ? (ln\/l—l—xlyl —|—x1y1 In(1 -z ) +
1

+ 2— (ln (1—2%y1) —In\/1+ y123 +x?y%> +
iyt

33
3arctan (2 V3 ) + \Carctan <M> +

Y1+ 21 Ty 2y1 + SC:{’
V3 T1y1V3 V3 313
+ — arctan ) arctan T 3
Yi 2+ xlyl 2+ yrxy
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2
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e For r € (x1,y1) the integrand becomes

Iy (w1, y157) = #(23) + F(25) + F(26) + F(28) T F(20) T F(31) + #(32) + #(33)

1 1 1 + 1 1 1 1 n
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_ — — _
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4.5 Conclusion of case 1)

Recall that we want to evaluate (8). And when adding the three integrals we find, separated according to a main

expression:
e algebraic terms
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Combining the expressions in (35), (36) and (37), listed as above, the enumerator of (8) becomes
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while the denominator is given by (12). If we define
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then this function represents EY (7g) for z,y € 'y and z1 < y;. By symmetry we obtain this function for
x1 > y1 as Tii(z1, 1) = Ti1(y1,21). A close inspection reveals that
1
(39)

Tii(z,y1) = lim  Tii(z,y1) = 6

sup
110,91 71
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See Figure 1 on p. 31.
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Figure 1: z and y both on I'y: Ty1(x1,41).

5 The case that xr €'}, y eI’y
In this section we let y — (cos,sin®) and  — (x1,0) and we will consider

G G
/ lim —% (z,2) lim —2 (2, yz) dz
2e8 ®210 1p) [y|T1 1 — |y|
i GS (mvy)
yIT1 & 2210 29 (1 — [y|*)

Tia(z1,7) =

Again the limits are computed from the expression in (6).

5.1 Limit of the Green function

Next to the expression in (9), with y replaced by z,
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+ T <x% — 2217 COS (9 + %71’) T2 11— 217 Cos (9 + %71') + 1:27‘2)
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Z Z r2 d ) (40)

2
=0 o1 72rcos 9+m/}+§k7r)+1

and the double limit of the denominator

l—r

lim lim 7GS (z,9) =

ly[11 2210 (1 _ |y|2> o

lim 1 rsiny rsiny n
w11 \ 7 (1 —7r2) \2? — 2z1rcostp + 72 1 — 2x17rcosty + z3r?

n l rsin (¢ + %7‘(‘) B rsin (w + %77) n
7\ @ = 2zyrcos (Y + 27) +12 1 — 2wy cos (¢ + 37) + air?

+1< rsin (¢ — 2m) - rsin (¢ — 2m) >>

7 \ @} = 2zyrcos (Y — 2m) + 12 1 —2xyrcos (¢ — 37) + air?
B (1 —2})siny N (1 — 1) sin (¢ + 2m) (1 — %) sin (¢ — 2m) (41)
7 (22 — 224 cosz/J—i-l)2 7 (23 — 221 cos (¢ + 2m) +1)2 7 (¥ — 221 cos (¢ — 2m) + 1)2.
5.2 Derivation of a contour integral
In addition to the h as in (17,18,19) we define
1—r? 1 1
0) = — 42
1) 4 <r2—27‘c0s(0+1/))+1 r2—2rcos(9—¢)+1)’ (42)
1—r? 1
6 =
fo () 4 (r2—2rcos(9+1/))+l>
—_e— W 1 r2
— — - . 4
4 (’LU _ e—l’l/} w — 7"26_“[)) ( 3)

Note that h (—6) = —h (0) and also f (9 ) f(-9). Hence0|—>zk oh (6 +k27) and alsoGHZk of (0+k3m)
are odd and also periodic with perlod £7. Using h and f (respectively f, we may rewrite the angular integral in
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the enumerator of (5) as follows

7('2 \/§ GS (1'7 Z) 1 GS (ZVy) da
0

lim 1m 5 —
—0 z—(x1,0) To y—(cosvsing) 1 — |y

/wa:h(ejuk;w) > f 6+ min)ds = (44)

0 k=0

1 2
= G/MmZ_

It leaves us to compute:

G G

72 / im G5®2) 0 Gsy) y)d -
2€8 x—»(xé,o) T2 y—>(cos'¢ siny) 1 — |y|

S

1 2m 4
/ / (h(0)+h(0+§7r)+h<é)+3w>) Ty (0) dOrdr
r=0J6=0
1 1 r2 x1_2 T, r? 1
% 3 T -1 1.5 +
r=0 Jjwj=r \ 20 \W =217 w—2x7"  w-zy 2 w—x

x? xy %2 1
1 _ 1 _ 4
2 3 : 3
w — 17 e 3 w—xl 6737” w—ox T2€*37r2 ’LU—$1€ —3m
xl_Q xf2r2 1
+ -1 gwi a -1 gﬂ'i B gﬂ'i %
w — x1T 63 w—x; €3 w—x] r2eld w — xie3
—e~ W r? dw
5 —rdr
—r2e= iw
1! — r? x1_2 x1_27’2 1
= = e + - - +
8 w — w172 ot Tir2
r=0 J|w|=r 1 w — T w—Tr, T w—,’]’,‘l
_2. r? xl_z x] %2 1
e s -+ ‘ - — | +
w—xr2e 3™ w—xyle 3™ w—x'r2e 3™ w—gxe 3™
i r? xl_Q x] %2 1
+ es 7 T 2 2 7 x
w—x172e3™  w—a7'e3™  w—ax]'r2e3 w—xe3™
1 r? dw
— — — rdr.
w—e" W  w—rZe~W | w
Using the expression from (21) and a newly defined
1 2

(46)

Py, r(w) = W—eW  w—r2e—i’
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we obtain )
e

#(45) = ] f - (‘1’951,077“ (w) + \I/;cl,l,r (w) + \ijl,Q,r (’LU)) q)w,r (’LU) —

In this section we use

2
1
T4, 7iw) 1= = By (0) 3 Wy (0

m=0

5.3 Computation of the contour integral

dw

Two cases have to be distinguished, namely r < 7 and r > x7. Again w = 0 does not contribute and the scheme

for the residues is as follows:

poles due to: Ve 0r Woyl,r Ve 2,r Dy r
range: ai. as. b1. ba. c1. co. d.
re (0,z1) | 1 zr? | = | g 7*26_%” Le_%m z17r2e3™ ﬁe%m r2e=

, T1 . 1 r 1 o 1 =
7g7ri 727771 2T g7'ri i
re (x1,1) | IL x172 T z17r2e” 3 r1e 3 z17r%e3 x1e3 r2e— v

We proceed as before.

I and II, a;: pole at w = 172

Res (Jg (xhzb,r;w)) =

w=x1712

r? 1 r?

T w <w —e W w— rQe—iw)wzxﬂ,z
1 1 r?

- 1 <x1r2 — e W 12 —r2e—i¥
1 1 1

- z2 <r2 — e ¥ S 1—gpleiw

I, as: pole at w = xf1r2.

- —x7%r? 1 72

N w (w —e W w— 7“26_“/’>,w_$ 2
_ —x;2r2 1 r?

R (x11r2 —ei  glp2_ TQe_W)

I1, ay: pole at w = x;.

Res <J2 (ml,w,r;w)) =

wW=x1

34

(49)

(50)



I and I1I, b;: pole at w = z17

2e

1.2 —%ﬂ'i

I, ba: pole at w =27 re

2 .
—3mi

Res (JQ (»ﬁﬂ/’ﬂ"%w))

2 -

—q T
w=x11r%e 3

2 .
r2e” 3™ < 1 r? )
e W w— r2e—w 2.

w w—e w —re weayr2e” 3
1 1 r2
E 2 —z‘n'i —it B 2 —gﬂi 25—t

xriree 37 —e? xrir“e 37 —ree !

e3™ 1 1

2 2 . 2 .
Ty r2 — Z'1_1637”_ Y 1_ xl—le37m—u[1

Res <J2 (z1,9, ;W) )

1 r2

_ — 5w
w=x] 1r2¢7 3

_ 2 —w> 2
w—r7e w=z7  r2e” 37"

2
xy%r2e 3™ 1 72
- —1,2,—2mi _ _2 . T _2 . .
Ty ree s o7 lr2e3™ — o= g7 lr2eT 3T — p2e—iv
_ e%ﬂi 1 _ 1
- 2771 i ZTI"L*’L";ZJ
1—xz1e3 r2 —x1e3
—27”'
II, by: pole at w = x1e” 3™,
Res (J2 (xl,zbm;w)) 9 =
w=zie 3"
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(54)

2
Iand II, ¢;: pole at w = x17r%e3™".

Res (JQ (%ﬂﬁﬂ"%w))

(&

w=x17%e

2 .
r?e3™ r?

1
iy

w w — r2e~ W

T2

1

).

2
i
z1r2e3

2
x172e37™ — e~

2
x172e37" — r2e~ i

(55)

2 .
—1 =
I, co: pole at w = zy 'r%e3™".

Res (J2 (z1,9,1;w) )

gﬂ'i
el
(w

T

Wi

’LU:I;IT‘ZE

1

—-2,..2
— xl r —
J— efiw

w

2 ..
1— £U1€737”7“p

2 .
II, co: pole at w = x1e3™".

Res <J2 (xla ZZJ,T; w))
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gﬂ'i
e3

7,2

w

<w1

e w_1g2

2

w) 2.
e w=x1e3

2 .
.131637”

2 .
13" — e

1 1 r
- 2 T 2 ,
L \z1e3™ —e=i¥ 1,3 —p2e=@
1 1 )
= |+ |1
X xlegﬂ'z _ e,iw
gTri i) ,27ri i
1 xr1e3’’e r1e3’e
- 2 T 2 4
PA\xe3™ —e i x1e3™ — p2ei¥
_ e%méziw 1 B 1

Iand II, d: pole at w = r2e Y.

Res (Jg (x1,y1,75 w))

2
1—z1e3™ e

7
r2 —gie3™ el

w=r2e— ¥

- r? T, xy2r? 1
TR 2 T3 +
w w—217? W — 1] w—xy 12 w—1
2 r? xy? xf2r2 1
+e 3 -+ - — - — - | +
w—a1r2e” 3™ w—xte™3™  w—zr2e 3™ w—xe 3™
%m 2 xl_z x1_2T2 1
+e -+ : - :
w—x17r2e3™  w—a7'e3™  w—a7'r2e3™  w—1ze3™ S
w=r<e
—r2 r2 " xl_Q :171_21"2 1 n
rlemi \ \r2e= — 1?2 p2e=i — gl p2ei g lr2 p2e—i _ g
24 r? xfz xf2r2 1
te 3 + _
. 200 p2e—i _ pTle—3m p2p—iv Lp2e=3mi p2e—itp —am
r2e—iv _ gpir2e3m TPV —xy e 3 r2e=W — g r2e”s r2e=W —ge”s
%m- 72 x? xy %r? 1
e ; 7 ; 1 2mi : 1o Zni i
r2e=W — xir2e3 r2e~ ™ — g e3 rie~W — g7 r2e3 rZe~W —x e3
-2 -2
_ Q20 1 T _ T 1 n
—1_ —1 ;
L—ze® 2 —gile®  1—gile® 72 g e
—2 —2
4 o gmi 1 n T _ T _ 1 n
7271'1 1 27” -1 T g 727”
1—z1e”3™e™ 2 —gie 3™ 1—gx e 3Te 12 —ge 3"
-2 -2
n egm 1 n T _ ] _ 1
271'1 1 3m -1 2Tri i gﬂi
1—mze3™e¥  r2—gie3™e¥ 1—zx] e3™eW 12 —ge3Tew
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gwi 27ri
) 1 e 3 e3
= — W — + + +
1—ze “25 200,
1—21e73™e® 1 —x2,e3™e®
1 1
) 2 2 .
62“[; 1 6_57” egﬂ'z
+ — + +
2?2 | 1—a7le 1 —2ri —1 27 iy
1 1—z;7e 3% 1—2x7"e3"e
27”' gﬂ'i
) 1 e 3 e3
2
+ 2 — + + +
re — 1’16“1} 2 727”' i 2 271'2' )
r2 —xie 3 e 2 —g1e37'el
24 —2. 2 .
e 1 n e 3 n e3
T2 2 =1 i 2 2
€T — 1 = . _
1 r Ty € T2—£L’1 1e 37 it T2—$1 1637”6“[’
2 2 prit2ie 2 rit2iy
e3 1 e3
N Z B 2pmi * x2 —1 2kmi +
k=0 1 —21e3" e 11—z e3™ e
2
9 o
€3k7rz+2u/) 1 e3k7rz+2ul)
+ Z 2 gkwi ; B fE2 2 1 2k7r7,
k=0 \ 72 — x1e3""'ei¥ Lyp2 — g7 e3"Mei

5.4 Integration in the radial direction

e For r € (0,21) we have to compute

X1 .
/ e_“/)]4 (95171/}77") Td?”,

=0
where §
6_1‘/)[4 (St',’l, ’lb, T) _ 6_i¢
211

(#(49) + #50) T #(52) + F53) T #(55) T HFs6) T #(58)) =
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2 1 1
7
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=R e Lo Brigw e )
1 1 L—xzp e 3™ew 1 —x) e3™el?
2 gﬂi
N X . e3
+ e r2 — x1e® 2 —20 * 2 g A ’
r? —xie” 37'eW 12 —xie3’’el
, 2
62“1) 1 6—§7TZ 657"1
: N — 3
x - e 3te pesne
1 r Ty e 7"2_.1'1 le=3Mieivy r2 — gy tes™ et
27r7l 727”‘
B . o5 €3
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. 1 e3™ c 3
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5 1 i i
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et 1 67%7% G%M
e L — 2
A\ e e T eime
1 1—z7"e 1—ux; Le=3migit 1—x fe3™em
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0 o=l 1— xle(%kﬂfmlz)i :B% 1— $;1e(%kﬂ_ow)i
i e(dkﬂ’—ad))z 1 e(%kﬂ'—ad;)i
_ o _ =
. 2 .
k=0o=x+1 r2 — gpel3km—ov) Trp2 xfle(gk”ﬂ”’b)l
We obtain
L d
— e z r)rdr =
21i —o 4( 1#% )
2
1 e~ et e3™em W
= = — — — + — +
2\ 1—ze ™ 1—mze™ 11— gesmieiv
2 2 2
e 3 el e 3Mem W e3™ el 9
- 7 7 7 |4
1—z1e73™e® 1 —x1e 3™e W 1 —ge3™ew
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N 1 et e~ n e 3™l N
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e3™e e3™el? e 3™e
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1—=xz"e3 1—z7e3™e® 1—gz] e 3™
+ 5 [e“"Ln (xlew — r2) — e WIn (xle_w — 7’2)]31 +
1 2 2 2 2 z1
+ B {e_SMBWLn (xle_Sme“/’ - 7“2) —e3™e Wn <xle3me“’b - r2>] +
0
12, 2 . 2 . 2 . . o
+ B [eBMewLn (xlelime“l’ — r2> — e 3™ Wn <xle3me_“l’ — r2>] +
0
1 . . . ,
_ P -1 iy _ .2\ _ —i =1 - ARES
222 [eLn (z7 '€ —r?) — e "Ln (27 e —T‘)}O +
1 2 2 2 2 1
-3 {e_SmewLn <xl_le_3mew - r2> —e3™e™™Ln <$1_1€37”6“’b — 7‘2>] +
0
172 . 2 .. 2 . 2 .. o
b [e3me“an <x1163me“l’ - r2> —e 3™ WLn (1’11637”6_“p - r2>]
0
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Z’LZJL ‘rfleilp — IE% o —M/)L xfle_iw — .’E%
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1 2 .. x; e 3"e™W —x 2 .. z;e3e —x
5 e 37”6le11 1 1 — 3™ uan 1 1 +
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[ iy, [ F€ € =27 ) —Emi iy, [T P € 3
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—1 3w 1 —2ri
ryed et e 3 e

1z +
"\1-22cosv+a23 " 1—2zicos (¢ — 2m) + 2 1—2zicos (¢ + 2m) +a?

9 ( sin sin (w — %W) . sin (7,/} + %w) ) n
T

™

) x? sin ) . 22 sin (¢
i
1—2xycost) + 22 1 — 2z cos (w

wiN c.o\lo

x3sin (¢ + 27) > N

)
2m) +a?  1—2wycos (¢ + 27) +a?
)+

(e“/’Ln (1 —x1€ i‘/’) — e "Ln (1 — z1€ )
2 ..

( 7rz+zwLn (1 — 1 6371’% up) eg?rzfubLn <1 — 1€ 37rz+u[))> +
2 2

(elﬂm“wLn (1 —z€ 3’” ub) e 3™ Wy (1 —x e37rl+w)> +

( Wn (1 - gc e w) — e ™Ln (1 - x‘rfe“p)) +

72
5
o 2 . . 2 ..
<€ 3771—0—11,0Ln (1 x?e:srm—mp) . egﬂi—zwLn <1 x?e 37T1+u/))> +
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21 sint ) N

= isinz/)ln\/l — 221 cos Y + 22 4 icosy arctan | —————
1— 2y cosy

: _2
+ isin (¢ — 27) In \/1 — 221 cos (¢ — 3m) + a3 + icos (¢ — 3m) arctan< ay sin (¢ — 2 2ﬁ)> i
3

1—x1cos(1/)f

21 sin (1/) + %71’) N
1—zycos (v + 2m)

+ ¢sin (w + %71‘) In \/1 — 2x1 cos (w + %71‘) + 22 + i cos (w + %7‘(‘) arctan (

3 .
— ZSHM/J In \/1 — 223 costp + 28 — ZCOS;!} arctan <x1 sing ) +
x

2 — a3 cos

ZSIH(’L/)*%TF \/ 3 5 ¢ .COS (@D*%W) afsin (¢ — g )
—Tln 1—2xlcos(¢—§7r)+x1—zTarctan 1—xffcos(z/)—§7r) +
_sin (1/) + 271') .cos (7,/} + gﬂ') x3 sin (w + 271')
— ZT?’ In \/1 — 223 cos (1/J + %W) +a$ — ZTg arctan : —1901 o5 (¢i %71-)

2
= z’ZSin(w—i—%kW)ln\/1—2xlcos(¢+%kw) +a? +

k=0
2 . 2
) 1 sin (w + fk;7r)
+ zkg Ocos (¢ + 2km) arctan (1 Ep—— (¢j_ 21”)) +

2
_ZZSIH ¢+ 5hm) 1 \/1—2xlcos(w+2k7r) +

72icos(1p—|2— Zkm )arctan< o3 sin (¢ + 2km) )

P z? 1 — a3 cos (v + 2km)

e For r € (x1,1) the integral becomes
1
/ I5 (mﬂ/)ﬂ”) rdr,
T=x1

where
IE) (xlv ’(/}7 T) —

9 e (F#a9) + #51) + #52) + #50) T #55) + H#sm) + #58))

44



N eg‘ﬂ'i*iw 1 1 N
2 2 . 1 2x3i—4q
X 1 Emi— _ TE—1
1 r2 — ] logmi—iv 1 —xy es ¥
2 . 1 1
—§7rz+1'¢v _
te —2 iy ERl I
1—xz1e”3 72 — e 37T
2 ..
e—gﬂz—zw 1 1 N
2 2 . — 20—
3 r2 — grlem 3T 11—z le 5mi~
2 1 1
ng—}-zd; o
e 2 iy 2w )
1—xe3 r2 — pie3™H
1 —271'2' 27r1'
. 3 3 L
i & e
—e — 4 + +
1 —zei _2 it 2 i
1 1— T 37r1+21b 1— x163ﬁz+zw
. 2 .
6211} 1 6—§7r’t e%wi
+ = +
2 -1 _; 2 .. 2
T 1 i 2 2
1 xqe 1_1,1 16 3m+zw 1_1,1 1637m+zw
i 1 e—%rri e%ﬂ'i
i
+ e r2—xlei¢+ 7gﬂ+w+ 37— +
r2 —x1e” 3 r2 — ge3™
eu/; 1 e~ 37 e3™t
T2 2 T, T 2 + 2
T _ i 2 2 ..
1 T e r2 — ] 16 3m+zw r2 — m;legﬂ'z«mw
. . 2 .
1 e’“l’ 672111 e*§7m+u/)
= 7 37% 1—27le® 11—z leiv 1 —Zrigi +
1 1 1— xl— e 37rz+11/)
2 2 2
B 3Tl i) N 637'r1+up efgrrzfu,b N
2 . 2 .,
1— xl—leg‘m—zw 1— x1—16§7m+1w 1— l‘;le_%wi_iw
. . 2 ..
1 e~ P 6§7r1—zw
+ = —~ + -+
2 5 —1__; -1 5 2
i \r2—z7 e W r2—gle 1 2
1 1 1€ r2 — T 1637” i)
2 ... 9 . . 2 ..
6—37r1+zw e*gﬂ'lfﬂl’ 657”4‘“/)
_ + _
2 .. 2 .. 2
-1 -3 — — 5 Tl— — ST+
r2 z7te 37r1+z’¢ r2 — ] 16 3 i) r2 — ] 163771-1-11[)
2 .
2 o (3km—ov)i e(%kﬂ'—aw)i
= Z 2 2 ST 2 o] (60)
0 o—t1 €y r2 — w;le(gkﬂ'—aw)z 1— x;le(gkﬂ'—o’w)z
We obtain
1t ;
o e W5 (x1,1,7) rdr =
r=x

45



1 e e~ e gritiv

= — - -+ +
208 \ 1 —a7lte® 1 —ayle i 1— $;167§m+iw
2 .. 2 .. 2 ..
egﬂz—rd) egfrz-&-u/) e—gﬂ'z—zw )
- 2 . + 2 —1_—2ri—iy (1 - 3?1) +
1—ayle3™ W 1 gplesmtiv L—zens

+ % e ™Ln (z7'e™™ —r?) —e¥Ln (27 — ) + +
1

2 2 2 2
+ 637”7“[}]-_411 (xllengu/) _ T2) o 6737Tz+1wLn (xllegﬂ'wrzw o 7,_2) +
1
—2 iy R S 2 iy —1 2xitip 2
+ e 3 Ln(xz; e 3 —r°) —e3 Ln (x] es -7

T=x1
1 e e~ e_gﬂ"'w
= — — _ _ +
207 \ 1 —aite 1 —ajle® 1— xl—le—%‘n'i-i—iw
6%7ri—i¢ e%ﬂi-{-iw e—%‘n’i—iw )
- I 1 Znivip 11— gy e 3T (1-a1) +
1—x7"e3 1—x]"e3 1
1 , L | - z7le® — 1
—+ ol €*Z¢Ln <_112> _ e“/’LIl <_112 +
227 xy e — g2 xy e — g2
2 -1 271'7:—1'1/1 9 -1 —27ri+iw
+ eg‘n’i—zﬁbLn Zq es3 -1 _ €_§7Ti+iwLn Z; € 3 -1 +
-1 2mi—ip o —1 —2ritip o
T, €3 —x7 rye 3 — T
, 2 .
1 TE—3 —1 _3Jmitiy
- T, e 3 1 2 .. T e3 -1
4 e 3T WLy 11 E— — 3™tV L 11 ER—
I R x]e3™ T — g2
1 2i sin ¢ 2isin (¢ — 3m) 2isin (¢ + 27) g
2 1 -+ -1 2 =+ -1 2 -2 (1 xl) +
227 \ 1 -2z  costp + x] 1 — 227" cos (¢ — 27) + a7 1 —2z7 " cos (¢ + 27) + a7
2
1 , 1—ze™ , 1—xie ™ . 1— xqe 37
+ 5 e ™Ln (;) —e"¥Ln <1> T sy 1—2 +
2z 1—zdet 1—azie 1_ xle—gmz-m'w
2 2 . 2 .
Ti—i S it — S Ti—i
_ e amitivy, [ L= 95162 n o Fmi—ivy (1 - xlez _ ogmitivy [ L= e z
7 2 2
1—1':1)’6137” i) 171’?63‘“ i) 171}?6 gmi—iy

46



1
227

+ -
21’%

+ 2isinty In \/1 — 223 cos ) + x§ + 2i cos 1) arctan (
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5.5 Conclusion of case 2)
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Together with the denominator (41) we find
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—
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—wycos(p—3m

— +
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~—
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and a careful analysis shows that

. 1

sup Tio(z1,v) = lim Thg (21, @) = —

O<zi<1 z1]0 16
O<y<iw

holds for all a € (O, %7‘() Aside from this global maximum T}, has a local maximum at z; = 1 and ¢ = %71'7 but

5 4 4 1
T (1,i7) = = — — - —In2 < —.
12 (L 37) = 57 243\@” 8s1"° < 16

See Figure 2 on page 51.

6 The case that z,y € I'y
The third section is concerned with  — (cos ¢, sing) and y — (cost, sin). We study

/ lim &S (x”z) lim 8 (Z’yg) dz
sleltt 1 — x| it 1 — |y
GS (xay)

im 5 5
211 (1 — |z[*)(1 = [y]7)
ly|T1

T22(¢7 ’(/}) =

(63)
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Figure 2: z € I'y and y € I'y: Tho(z1, ).

6.1 Limit of the Green function

By (7) the denominator becomes
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lim =
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z—(cos ¢,sin ¢)

2

1 1 1
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while for the enumerator we have as in case 2, denoting z = (r cos 6, rsinf),
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and by using symmetry
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6.2 Derivation of a contour integral
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We want to compute

with f as in (42) and
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6.3 Computation of the contour integral

Let us first consider
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0 k=0
The integrand has the following poles within the unit circle:
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with F the integrand. Again the contribution by w; = 0 cancels and we find
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6.4 Integration in the radial direction
Remember that

/ : Gs (I’Z) li Gs (Z’y) dz —

1m . 3 1m . 3
ege—(cosgsing) 1 — |z|° y—(cosvsiny) 1 — |yl
zeS yeS

— 17r/ Z Res {Fy (W)} y—y. — Z Res {F_y (w)},_,. | rdr

2 16 r=0 ) )
w; EPU{r2e—i%} w; E PU{r2e¥}

Let us first compute the left half:

1« !
276 Z Res {Fy, (w)}w=w1; rdr =
r=0 w; EPU{r2e~1¥}
I e e—io—iv ei¢—iw+§m‘ e—i¢—i¢+%m
167 Jpog \ 12T g2 —em0mW L ig—iwtimi o —id—ivtam
ew—w—%m‘ e—i(ﬁ—iw—%wi R pidiv
2 _ pi¢—iv—2mi + 2 efwﬂ.wf%m. T2 e—igtiv + r2 _ gibtiv +
—idHiv—Smi gittiv—Fmi i Hiv+5mi iotiv+Emi
- — 5 T 3 ——  * —— | rdr
1"2 _ e—zqﬁ—&-zd;—ng ’I”2 _ ez¢+zw—§7rz ’I”2 _ 6—1¢+zw+§ﬂ'z T2 _ 61¢+zw+§7m
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= 3o l — 7 Wn <1 - 7’26’¢+w> +e T Wn <1 - rze“z’“d’) +
™

B R e B P S
- em—iw—%m‘Ln (1 B r2ei¢+iw+§‘m’) n efi¢7iw7%7riLn <1 B T2€i¢+w+§m) +
— e WLy (1 - TZeid’w) + et (1 - r26i¢w> +

_ e—i¢+i¢—§an (1 B r26i¢—iw+§m> n ei¢+iw—§an (1 _ Tze—i¢—i¢+§m‘) n

1
_ 67i¢+z‘w+§an (1 B Tzewwgm‘) n ei¢+w+%an (1 B r26i¢w§m‘)

r=0

= — | —TWIn (1 —e T pem Wy (1 - 0TV ) 4
327

- ei¢7w+%an (1 - 6—i¢+i1/1—§7r1') + e_i¢_iw+%”Ln (1 - ei¢+w_§m> +
B ez’qﬁ—iw—%an (1 B e—z‘¢+w+§m'> n e—iqﬁ—iw—%an <1 B ei¢+i1/)+§7ri> +
— ¢TIy <1 — ew_iw) + etV (1 — e_i‘i’_w) +

— eii‘Hw*%an (1 — ewargm) + ewﬂw*%an (1 — ei¢w+§m>

+
_ e—z‘¢+w+§an (1 _ ew—np—gm‘) n ei¢+i¢+§m‘Ln (1 _ e—id)—iw—g‘n—z’) )

= — [ - WIn (1 - TW ) — 7t (1 - ) +
327

B eid)finr%an <1 B ei¢+iw§m‘) B 67i¢+iw7%an (1 _ ei¢iw+§7ri> n
_ €—¢¢+w+%an (1 _ em—w—%m‘) _ 6¢¢—¢w—§an <1 B e—i¢+w+§m) "
+ e tWLn (1 — €i¢i¢) + e WL <1 — ei‘z’ﬂ'w) +

n €7i¢—iw+§m‘Ln (1 _ ei¢+i¢§m‘) n ei¢+iw7%m'Ln (1 _ ei¢iw+§m)

+
n pidHi+gmiy (1 _ e—w—w—gm‘) n p—ib—ib—Fmiy (1 _ €i¢+w+§m‘) > .
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Using that for « € (0, 27)
e"“Ln (1 — efm) + e Ln (1 — em) =
= (eia + e*m) In }1 — eia| +1 (e_m — eio‘) Arg (1 — ei")

te In /1 — eia — e—ior 4 gice—ia —|—2e 7,6
2 21
= 2(cosa)lnv/2—2cosa+ 2 (sina) Q;W

= cosaln(2—2cosa)+ (a—7) sina

= 2

Arg (1 - em)

and assuming [¢)| < ¢ < 7 we continue (69) by

- 3%(—(cos<<z>—w>1n<2—2cos<¢—¢>>+<¢—w—w>sin<¢—w>)+
cos(¢—w+§n)1n(2—2cos(¢—¢+§7r))+(¢—w+§7r—7r)sin(¢—w+§7r)>+

—|cos(—¢+ ¢+ 27) In(2—2cos (—p+ ¢+ 27)) + (—o+ ¢+ 2m —7) sin(—¢+w+§7r)>+
+ (cos (04 0) I (2 = 2c0s (94 0) + (6 + ¥ W) sin (04 9) ) +
1 (cos (—6— ¥+ 2r) In (2= 2c08 (—6 = + 21)) + (=6 — ¥+ Zr — ) sin(—qﬁ—@/}+§7r)>+
+(cos(p+¢+27) In(2—2cos (¢p+ ¢+ 37)) + (¢ + ¢+ 27 — ) sin(¢+w+§7r)>>. (70)

cos (a + %w) + cos (a — %77) = 0 and a similar identity with sin one proceeds by

+ /\/\/\/\/—\

Since cos (@)

1 .
- 32(—(cosw—w)1n<1—cos<¢—w>>—ws1n<¢—w>)+

— (cos (¢ — v + 2m) 1H(1—COS(¢—¢+§TF))—;Wsin(¢—¢+§ﬁ))—l—

cos 1n(1—cos(¢—z/J—gﬂ'))—i—;ﬂsin((b—w—gﬂ))+

7r
+(cos d+1) In( l—cos(q’)—&—w))—wsin(q’)—&—w)) +
—i—(cos ¢+1/)—*7T 1n(1—cos(¢+¢—7r))—|—;7rsm(¢>+w—7r)>—|—

+ ( cos ¢+1/)—|— i 1n(1—cos(¢+z/}+ 71'))—;7‘(8111 (;5+1/)+ 7T ) (71)
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1

327

— < —cos(¢p—) In(1 —cos(p—9))+msin(¢d—v)+

COS(¢—¢+%7‘(‘) ln(l—cos(¢—w—|—§7r))+%7r sin(¢—1/)—|—%7r)+
cos (¢ — v — Zm) 1n(1—cos(¢—w—%7r))—%Trsin(qb—w—%ﬂ')—i—
cos (¢ +¢) In(1 —cos (¢ +¢)) — 7 sin (¢ + ) +

cos((b—i—w—%w) ln(l—cos(gb—i—i/}—%w))—i—éw Sin(¢+w—%7r)+

cos(qb—i—w—i—%ﬂ) ln(l—cos(¢+w+§7r))—;ﬂsin(qﬁ—&—w—i—gﬂ'))

s y
= 3 <s1n(¢—¢)—bln(¢+¢)

+ %sin(q’)—w—l—%ﬂ')—%sin((b-i-l/}-&-%ﬂ)—i—

_%blnd) Y — 7) ;mn(gb—kw—))—i—

(
<—cos¢ ) In (1 —cos (¢ — ) +
¢—

— cos +27) In (1 —cos (¢ — v+
1) 1 1 cos (6 -
)In(1—cos(¢p+v)) +
+¢—27) In(1l—cos(p+v—2m)) +
(

+ cos (b-i—’(/)—i-gﬂ') ln(l—c% (b—l—w—&-gﬁ)))

— COS

(4
=1 -
+9

s (
s (
+ cos (¢
+ ¢ s(gb
(

= isin@/; (2(:05(;5 %cos (¢+ %ﬂ') + %cos (gbf ?ﬂr)) +

~
=
—~
—
|
Q
e}
w0
—
hASS
+
=
=
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= %sinw (cosqSJr ;\/gsinq&) +

+ % ( —cos (¢ — ) In(1 —cos (¢ —v)) +

— cos (¢ — (

— cos((b % )ln(l—cos((b—

+ cos(p+1v) In(1—cos(p+1)) +

+ cos {0+~ ) In (1~ con 6+~ 3) +
( (

+ cos (p+ 1+ 27) In (1 —cos (¢ + 1) + 27)) ) .
Since we still have to subtract in (68) the expression for —¢ and since (75) is odd in v, (75) doubles.

6.5 Conclusion of Case 3)

The enumerator turns out to be (for ¢ < ¢)

/ . Gg (z,2) . Gs (z,y) g —

lim 5 im 5
esz—(cosdsing) 1 — |z|” y—(costsing) 1 — |y

= ésinw<—cos¢+é\/§sin¢) +

12

S ’;)cos(¢—¢+§k7r) 1n<1—cos(¢—¢+§]m)) 4
12

Jrﬁ ;Jcos(¢+w+%k7r) ln(lfcos(¢+¢+%kﬂ)) )

For ¢ > ¢, by symmetry Tos (¢, 1) := Tas (1, ¢). Again we find

. 4 5
sup Ty (¢, p) = lim  Tyo(,9) = 3" 3— o7 + gl n2.
@we(o’%ﬂ—) ¢Tgm, ¥l10
See Figure 3 on p. 60.
7 The case that xr € I'y, y €Iy
We set y = (pcostp, psine)) and we are interested in
/ i 88 (®:2) . Gs (1273/) &
Tis(z1.p) = g x2l0 X2 mwpsm(‘3 —w)
13\Z1, P : Gs (7,9)
im

2210, 9147 @2 psin (57— ¥)
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Figure 3: z and y both on I'y: Tha(¢, 1)

7.1 Limit of the Green function

First we look at the factors in the enumerator: As before we have with z = (rcos 8, rsin 6) that

lim Gs (@,2) (2,2) =
z2]0 T2

1 rsin @ 7 sin 6
T o (x% —2xyrcosf+r2  1— 2x1rcos9+x%r2> *
+l< rsin(@—%w) 3 Tsin(é’—%w) >+
7\ @} —2xyrcos (6 — 27) + 72 1—2myrcos (0 — 2m) + adr?
1 7 sin (H—I— %7‘() 7 sin (H—I— %’/T)
+ T <x% — 2z cos (0 + 27) + 12 1 —2xrcos (04 27) + :z:%ﬂ)
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By symmetry we find
GS (Zv y)

sl psin(n—0)
y=(p cos ,psinp)

B 1( rsin(%w—@) B r51n(37r— ) >+
p? —2prcos (37 —0) +1r2 1 —2prcos (57 —0) + p?r?
N 1 ( rsin —§7T—(9) 3 rsin (—%77—9) ) N
T\ p? —2prcos(—gm—0) +r2  1—2prcos(—im —0) + p*r?
N 1( rsin (7 — 0) B rsin (7 — 0) >
T \ p? —2p7"cos (m—0)+12 1—2prcos(m—0)+p2r2 )"

+
+p2r2 p%—2prcos (0 + 57) + 12

rsin (9 + 577) B rsin (9—|— %7‘(‘) N
0+ im)

1 rsin —%7‘(‘) TSID(Q—%W) N
oo 1—2prcos (0 — i7) 4+ p?r2  p*> —2prcos (6 — 37) + 12
1 1
T
1
_*_i
T

7 sin ( ) B rsin (0 — )
1—2prcos(0 —m)+p2r2  p2—2prcos(0 —m)+12) "

The denominator becomes

li GS’ (1‘7 y) _
im o =
2210 and w4 T2 psin (37 — )
y=(p cosb,p sin )

. 1 1 sin (%71‘—49) T sin (%W—H)
- 191%1771' sin 0 22 in— 21— ir— 222
1 p pricos (zm—0) +a3 1—2pzicos(3m—0)+ p?a?

N 1 sin (—%71’—0) B 1 sin (—%W—H)
p? —2pxicos (—3m —0) +a? 1—2pwzicos(—3m—0) + p’a?

x1 sin (7 — 6) x1 sin (7 — 6)
p? —2pzicos(m—0)+22 1—2pxqcos(m—0)+ p2z?

+

1 sin (%77— 9) sin (—%71’ —9)

lim — +
010 wsin® | p2 —2pxycos (s —0) +a?  p> —2pwicos (—im —0) +a?

sin (%TF - 9) sin (—%ﬂ' — 9)

1 —2pz; cos (37— 0) + p2a? "~ 1—2px; cos (—3m—0) + p2a?

sin (7 — 0) sin (7 — 6)
p?—2pxicos(m—0)+22 1—2pxycos(m—0)+ p2z?

+
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_ g 1 sin (%w) cos 6 — cos (%w) sinf  sin (%w) cos 0 + cos (%ﬂ') sin 0
B 91?01 msin 6 p% — 2pxy cos (%7‘(’—9) + a2 p? —2pxy cos (%ﬂ'—k@) + 22

3 Sin(%ﬂ')COSQ—COS(%ﬂ')SiDQ sm(é )cose—i—cos(é )sinH

172px1cos(%7r70)+p2x 172,0:101005 37r+9 + p2a?

n sin @ sin 0
p2+2px1c059—|—m1 1+ 2pxy cosb + p2a?

. 1 sin (%w) cos cos (%w) sin @
= lim — — +
610 msing | p2 —2pzycos (37 —0) + 23 p? — 2pwycos (3w — 0) + a?

sin (%w) cos 6 cos (%7‘() sin @
p? —2pxycos (3m+0) + a3  p?—2pwycos (37 +0) +a?
sin (%w) cos cos (%w) sin 6

1 - 2pz;cos (37— 0) + p?x} 1 —2pwicos (37— 0) + p??
sin (%7‘(‘) cos Cos (%7‘(‘) sin 0

_|_
1—2paycos (3m+0) + p2a? 1 —2pwxicos (37 +0) + p2a?

sin 6 sin 0

p2+2pxicosf+a2 1+ 2pxycost + p2a?

— lim sin (%TF) cos B sin (%77) cos 0

010 wsin® | p2 —2pzycos (i —0) +a?  p>—2pwzicos (37 +0) + a3

sin (%’ﬂ') cos sin (3
1—2pwzycos (im+0) +p2a? 1 —2pz;cos (i

) co

) +pPa?

gt 1 sin 6 sin 6 n
im -
010 msinf | p?2+2pxicos@+ 22 1+ 2pxycosd+ p2a?
cos (%7‘(‘) sin 6 cos (%7‘(‘) sin 0
p? —2pwxicos (57 +0) + 23 p? —2pwicos (37 — 0) + x}

im) sind cos (37) sinf

cos (
1 —2pxy cos (37 — 0) + p2a? * 1—2pwxcos (37 +0) + p?a?
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5 % 3cosf (p2 — 2px7 cos (%7‘( + 0) + x%) — (p2 — 2px1 cos (%w — (‘)) + x%) 1
610 msind (p> = 2pxy cos (37— 0) +22) (p* — 2pxy cos (574 6) +a?)

(1 — 2px1 CcoS (%77 — 9) + p2x%) — (1 — 2px1 CcoS (%w + 0) + p2x%)
(1 —2pwxycos (37 +0) + p2x?) (1 — 2pzy cos (37 — 0) + pa?)

1 1 1
lim — -
* 610 7 p?+2pxicosf+a? 14 2pxycosh+ p2a? +

N[ =

1
_ _ 2 +
p? —2pxycos (3m+0) + a3 p? —2pxycos (37— 0) +a?

==
= D=

+
1 — 2pxq cos (577 - 9) +p222 1 —2px;cos (571' + 0) + p2a?

. 2v/32px cos cos (37 — ) — cos (37 + 6)
%% 7 sin 6 ( 2_9 1. _ 2\ (p2 — 1 2
p P cos(37r 0) + 2?) (p> — 2p a1 cos (3m+0) +23)

N cos (%ﬂ'+0) — cos (%71'79)
(1 —2pxycos (37 +0) + p>a}) (1 — 2pay cos (7 — 0) + p2a?)

1 1 1
+; p2+2p:cl+x§_1—|—2px1+p2x%

1 1 1

_ 2 _ 2 + 2 + 2
p?—prit+ai  p —pritai  1—pri+pP] 1 par+ pPad

=

i \/gpxl 2sin (%77) sin 0 N
610 7sing (p? = 2pxy cos (37 — 0) +23) (p* — 2pxy cos (57 4 6) + 2?)

2sin (%7‘(‘) sin @

(1 —2pxycos (37 +0) + p2a?) (1 — 2pa cos (27 — 0) + p2a?)

1 1 1 1 1
- - - +
™ (,02+2px1+$% 1+2pxy +p22f  p?—pri+ai  1—px +p2$§)
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. PT1 3
= 1 —_—
60 (p* = 2pxy cos (37— 0) + a2) (p* — 2pxy cos (37 4 6) + %) *

3
(1 —2pwzicos (37 +0) + p2x}) (1 — 2pxy cos (37 — 0) + p2a?)

1 1 1 1 1
+ = - - +
m (p2+2px1+9ﬁ L+2px1 +p%2]  p? —poy +af 1—p$1+p2x?>

T 3 _ 3

+
™ <<p2—px1+x%><p2—px1+x%> <1—px1+p2x%><1—px1+p2x%>>

1 1 1 1 1
+ = - - +
m (p2+2px1 +ai 142paz +p% pP—prital 1-pm +p2r?)

—_

3 X1 3 L1 1
- P - & + +
T (P2 —pzi+ad)? (- pxitp2})? PP F 2Tt a]

1 1 1
- - +
L+2pay +p22  p?—par+ai  1—paxy+pPaf

7.2 Derivation of a contour integral

As before

G

lim —2 %/ (2,2) =

z2/0 T

1 rsinf rsin 6

T (x% —2ryrcosf+r2 1 —2x1rcos¢9+x§r2>

( rsin (9— %ﬂ') B rsin( — %71') ) N
2
3
2
3
2
3

1 0
+ J—
7 \ 22 — 2z17 cos (9 - %71’) +7r2 1-—2zircos (9 —
0

+
3|
>

r sin (9—1— %ﬂ') TSil’l(
x? — 2zy7cos (0 + %’/T) +r2 1 —2z7cos (

By symmetry we find
lim GS (Z7 y)

G1in psin (37 — ) N
y=(pcos,psin))

- 1< rsin (L — 6) B rsin(éw—Bg >+

T p? —2prcos (37 —0) +r2  1—2prcos (37 —0) + p*r2

7\ p2 — 2pr cos (—3m—6) +r?  1—2prcos (=37 —0) + p?r2

+1< rsin (1 — 0) rsin (1 — ) )

™

1 ( rsin(—%w—G) rsin(—%w—@) ) N

p?2—2prcos(m—0)+r2 1—2prcos(m—0)+ p?r?
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The expression we want to compute explicitly is

G G
7r2/ lim M lim M dz =
ses \ 2210 X2 Ylin psin (§7r — 1/))
y=(pcos1p,psin)

1 1. 1 1
= / /3 Z Z h(0+k2m)l(m—60+m2r)dordr. (78)
r=0 J 0=

0 e 1m=-—1

As before with w = re’® we have m =1

2 . 2 . 2 . 2 .
) 1 74267k§7r1 371726716571—2 m;2r2e—k§ﬂz e*kgﬂ'l
3 24 2 7kg7ri —1 7kg7ri —1,.9 7k27'ri 7k27'ri
w—xrirée 73 w—x;€e 73 w—x; re 73 w—rie 3
2 —
L (71' -0+ mgw) =
2 7m27ri 2 77712771’ 2 9 7m27ri 7m27ri
1 ree” 3 p e 3 pcrée 3 e M3
o Z — 2 —mgﬂ'i * — 1 —mg‘n'i B — —1,.2 —mgfri mgﬂ'z
—w — pr<e 3 —w—p e 3 —w—p ree 3 w—pe 3
2o 2 2 . 2 .
1 wrQe mymi U)p_2€ mgme wr2p—2e—m§ﬂ'z we " m3T
- Z 2 2 —mzﬂi + 2 _1,—maTi B 2 —1,.2 —mgﬂ'i Bl 2 —mgﬂ'i
—r* —wpr<e 3 —rs—wp-e 3 —rs—wp~re 3 —rs—wpe 3
1 w w w w
o 2’Lp B mgﬂ'i B mg‘n'i * mgﬂ'i + mgfri
w+ p~le™3 w+12pe™3 w+ pe™'3 w+r2p~1le™3
1 mgﬂi 2 77L27Ti mgﬂi 2 1 7rL27ri
1 p re’s répe’” 3 pe’"3 répT e "3
2’Lp 1 mgﬂ'i 2 _mzmi mgfri 2 1 mgﬂi
w+pte 3 w+reépe 3 w+ pe 3 w+repTre 3
Again the inner integral in (78) equals
e 1 1
2 _ 2 —
/ SN h(0+k2n) 0 (n—0+mEn)do =
0=0 p——1m=-1
1
I 2
= = > h(0+kim)l(m—0)do
2 Jo—o = 3
7 m 172 n T xy 2 x1
- 8px w — w172 — ! —o 2 w—2
PT1 Jo=0 1 w — Ty w—2x;r 1
2 —27\'1' —1 —gﬂ'i -1 2 —27ri —2771'
xrirce 3 xr, e 3 xr, re 3 xrie 3
1 1
+ 7+ 2 . 2 . 7.+
—3m -1 _—357i —1,92 —37i — 57
w—x17r2e” 3 w—x; € 3 w—xy %€ 3 w—zrie 3
2 zwi —1 2Tri -1 2 gTr?' ST
xrir<es x,e3 Ty re3’t xr1e3
+ 7+ 7 T 7 | ¥
w—x1r2e3™  w—a7e3™  w—a7'r2e3™  w—ze3™
P P r’p~t N dw
w+p !t w+rip wHp wHripl) w

leaving us with three different cases with each having 6 poles. Note that a pole in 0 does not contribute.
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7.3 Computation of the contour integral

Let us assume that x7 < p. Then according to the size of r the integrand has different sets of poles. In the following
table we give a scheme in which we denote how we will split the integral (and which range of r corresponds with

which poles):

poles due to: h for k=0 h for k= —1 h for k=1 /
range: | a1. | as. b. \ bs. c1. \ Co. d. ds.
: 7 ; 7
re0,x) | L || xr? | 27'r? 5617‘26737” xflr%;gm x1r2e§m mf1r22e§m —r2p | —r2p~!
r € (xy,p) | IL || 2172 1 x1r2e 3™ z1e 3™ x1r2e3™ x1e3™ —r2p | —r2p~1
, ; ; 7
€ (p,1) III. || z172 1 z1r2e” 3™ rie 3™ xir2e3™ r1€3™" —rZp —p
We consider the contribution in the following integral by each of the poles separately:
i 2w 17 T a2 1
2 + -1 —1.9
8px1 Jog—o \ W — x17 w—x] w—x'T w— T
: , , 2 .
xir2e 3™ 7 te”3™ zylr2e 3™ z1e” 3™
+ 5 .+ ) - -+
w — xrie” 3™ w—xl_le 37w —ax] r2e” 3 w—xie 37
2 2 2 .
I17’2€§ xT 1637” l'_sz 3 Ilegrrz
+ gﬂ'i 1 gﬂ'i B —1 27rz B T .
w — x112e3 w—x; €3 w—x] rle3 w—x1€3
W (el P rp~t N dw
w+p w+rip w+p w+ripl) w
I, IT and III, a;: pole at w = x;7r2.
. { ol r2p o r2p=1 } _
4z1p w—&—p—1 w+rip  wt+p wHrPpTt]
_ r2p - o - r2p=1
4351,0 w1r2 + p- :1:17“2 +r2p  xir?+p  xr?4r2p7t
_ - < p_p  p! )
4961,0 96’17“2 +pt 371 +p mr?+p oz +p?
_ ( p aitp  atp! ) (79)
4x1p zip+1  x+p r2daitp r2apipl
I, as: pole at w = xl_lrz.
— [ pt r?p P r?p”! ] _
drip lw+p~ 1 w+rp w+p w+rip! wea Tl N
.7 ( pt - r*p p r’p~! )
dx1p L2 4 p= etz 4 r2p a2y 4p aylr24r2pt
T z1p ! z1p T1p 1
-2 2 =T T2 -
z1p \ 7%+ 21p 1+xp 7m+xp p+a
-1
™ x x x x
_ ( P 1 + - 1P — 1P ) (80)
dxip \1+z1p pH+2a1 ré4+21p 24+ 21p
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IT and III, as: pole at w = x7.

o o . r2p e r2p=1
drip ([w+p™t  wHrip w+p wHripTt|

_ o ol . r2p e r2p=1
drip \x1+p~ 1 147120 11t+p w1 +7T%pt

1
= (- D
drip \T1p+ 1 T1+71r2p  wi+p 1+ 1r2pt

T 1 T z1p !
- - L + 3 ot 2 - —1 (81)
dxip \z1p+1 21 +p ri4+zx1p T4 2T1p

2
I, IT and III, b;: pole at w = 217%™ 3™,

I, bg:

1

- [ p! r%p p r?p”
=+ 2, o 2,-1 2 .
dzip |lw+p wHrip wHp wHripTo| o e,-3w

B o p—1 N r2p B p B r2p*1
B 4$1p €T T‘267§7”‘ —+ -1 2 —271'1', 2 2 —271'71 2 —z‘n'i 2 1
1 p xrirce 37 +rep xirce 37 +p xirce 37 +repT

2 . .
-1 1 _5mi -1 __ 3w
- Ty p el p @y ped 1

4$1p 2 — 1 gﬂ'i —gﬂi 2 -1 gT(i —27\'1'
re4+x pTresd Tie 37 +p re+x; ped zipe 37 41

2 .
T 1 p zytpes™ xy ptes
dz1p

_24 2. . 2. 2 1
zipe 3™ +1  me 3" +p  r24aylpes™ T HILpTE
—-1_2 —27ri
pole at w =] "r<e” 3™
I ?p  p T
dx1p w—l—p_l w+r2p w+ p w+r2p—1

1

1, —=wi
w=x] r2e 3

T p~! N r2p P r’p”

T A4y —1,2,— 27 1 _ 2. T _2 . T 2

1P\ e st p rlr2e 3™ 4r2p a7 r2eT3™ 4 p xylr2e 37 4 r2pl
gﬂ'i

Tipe3 T1pe

1

2 . 2 .
T x1p les™ 37 1

4.’151p 2 -1 gﬂ'i gwi 2 271'i B 7271'1’
e+ xT1p”e3 1+ x1pes ré 4+ x1pe3 pe 37 +x1

2 2 2 2
T z1pe3™" x1e3™ z1p te3™ x1pe3™’

= Iz 2~ 2+ 2~ 2 (83)
P \14+21pe3™  p+xe3™ r24zp1e3™ 124 3pe3™
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2
II and III, by: pole at w = z1e” 3™,

1

B B i/ R S
drip lw+p~ 1 w+rip w+p w+rp!

— S
w=zx1e 3

. o1 . r2p - o - r2p~1
a 4x1p _24 _24 _24 —2n
1€ 3" +p71 me 3" 4+1r2p  mie 3" 4 p  xpe 37 +r2pl
2
- 3

™ xr1€e 3 xi€e
= 3 g 1 -1t —
T1p 1'16_57”4*;)71 1€ 3 +T2P 1716_57” +p z16—§7r1+7,2p71
2 .
T 1 T1pe” 3™ zip e 3™
1P I1p6_37m +1 I16_37” +p ’I"2 +$1p6 37r1, ,r.2 +CL’1,0 16 371'1

2
I, IT and III, ¢;: pole at w = z17r%e3™".

- [_p! r?p p r’p”
_l’_ J— —
drip lw+p~ 1 w+rp w+p w+rip!

2
i
w=xir2e3

_ - p1 . r2p - p - r2p=1
dz1p 2 2 2 )

2z 7 2 2
z172e3™ + p~1  xyr2e3™ +12p  112e3™ +p  172e3™ 4+ 1r2p—

2
m 1 x71 e*%‘ﬂ'i x*l 7le*§7rz
= & et e - (85)
1P z1p63ﬂ'l+1 1:163”—1-;) T2+$1_1p6_37” T2+x1—1p71€—3m
—-1.2 zwi
I, co: pole at w =z re3™.
- p1 . r2p o r2p-1 o
dzip [w+p™h  wr?p wtp wHrPp] o1 g
B - p! . =y - P - r2p-1
= - P _ 3 2 3
4x1p x] 17“2637” +p 1 I1_17“2€§7m + 7“2/) 1‘1_17“2657” tp 331_17“2657” n 7“2[)_1
T T _%m _%” -1 —gﬂ —%mﬁ
= 1P - _ne T Vil fipe (86)
= ) 3 3 3
WP\ 14 mipe™ 3™ ptae 3™ r24zple 3™ g2 4gype 3T
2
II and ITI, c: pole at w = z1e3™".
—r [ p1 N =y P r2p~1 B
drip lw+pt  wH+rip w+p w+rip! w:me%m o
B - pL r2p P r2p1
N 4x 24 T 2 B 2 . B 274 2,—1
1P $1637”+p_1 l‘1637”+7"2p $1€37m—|-p x1e3™ +1r2p
2 2
e 1 r1e3™ re3Tl
T 2 +1- 21» - 210, -1+ 21,
1P z1pe3™ + 1 z1e3™ 412 z1e3™ 4 p 21e37™ 4 r2p-1
m 1 x1pe3™ z1p Lte3m
— - 4 n 1P B 10 (87)

4.’E1p 271'1’ 27”' 2 27”' 2 —1 gﬂ'i
ziped3” +1 xze3" +p re4xpesd re+x1p” el

68



I, IT and III, d;:

pole at w = —1r2p.

T x172 xfl Ly2 T 4
4pm1 u}—»x1r2 w—x ! w—azr w—x
1 Ll w=—r2p
r ) 2 . ) )
T x1r2e” 3™ 7 e 37 z7lr2e 3™ r1e 37"
+ +—1 !
4p$1 2 g — —1,.2 g g
w—x1rée 3 w—x, € 3 w—x, 1€ 3 w—xr1e 3
L 1 w=—r2p
2 gﬂi —1 5w 1.2 T T
n ™ xrirees T, es Ty rees xr1e3
2 2 ST 2 =
4p£L’1 2 7T 7L —1,.9 377t 7
w — x11rees w—x, €3 — T, rees w— x1e3 —r2,
T 17 + xfl 2 xq +
dpry \—r2p—x1r?2  —r2p—ayt —r2p a2 —rip—x
) 2 )
0 xr2e 3™ N zyte™3 zytr2e” 3™ r1e 3™
_ ; _ 2, 1.2 T 25
4pxy —r2p—xyr2e” 3™ —r2p—gilem3™ TP — Iy ree” s T4p — T1€” 3
2 ) ) 2
N ™ x1r2e3™ N e3™ xytr2es™ z1€3™"
4p$1 24 2 %ﬂi 2, 1 2, =19 371'i _ 37
r4p — x1T%e rep — T rép — x| rie rép —x1€
-1 -1 -1
oo ( T mp N z1p > N
= —— —
dpry \ p+x1 r2+4a'pt xzip+1l r24mp?
7271'%‘ -1 7271'1’ —1 *2
n s e 3 TP 3 n 1 n T1p te 37
4p$1 72711 2 -1 1 —gﬂi 2771' 2 2
p+x1e 3 re4+x; pTe 3 1+ xpe3 T %—xlp N
gﬂ"b —1 1 -1
n s L @ pT 1 n T1p 63
dox 2 _ 2 — 27
P p+xe3™  r2pgilples™  Tiped +1 r2 4 x1p” 1@3”1
™ 1 T n
dpr; \1+z1p p+:1
T 271'
n T 1 r1€e 3 r1e3
4,01’1 27r 727r T
1+ xpe3 1+x1pe 3 p+xzie 3 p+xie3
-1 -1 -1
z1p TP +
4,0331 r2+xipt r2 4 atpl
2
-1 —1 —5m
T, p e 3

4px1

r1p €

2 .
1,37

i 'p

—1

2
63

-1 —271'1
r24+x] ple” 3

4px1

2 .
x1p te”
2
r2+z1p~le” 3™

2+ z1p-le3™
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I and II, dy: pole at w = —r2p~ L.

P
-7 [ xyr? a7t x7ir? 1
1 _ 1 +
dpxy |w—2172  w—a7' w—z7'r2 w—x
p 1L 1 1 1 1 wi_,r?p—l
[ 2 —gﬂ'i —1 727”' —-1_2 727ri T
—T xriree 3 n T, e 3 xry r%e 3 rie 3
4p£171 2 g3 T —1,.2 —5mi T
w — xr1re 3 w—2x; e 3 w—x, r“e 3 w—xr1e 3 o _
L w=-—r%p
I 2 27ri —1 2Tri -1 2 271'1' ST
-7 r1roes T es T, rees Ti1e3
Aoz 2 2 2 2 =
PEL |y — 2yr2e3™  w— g7 'e3™ w—x7'r2e3™  w—1x1e3™ ey
-7 172 x7 ! x7ir? x1
_ T 1 _ 1 _ +
dpzy \—r2p~t—zr? | —p2p=l — g7t —p2pl —aT2 —r2pl
; 2 _2
- 1'17"26 37 xl 1675772 x;1T26737” T1e 3
* 4pxy 2 * 1 —Zn 1 2. — 27
—r2p~1 —x1r2e”3 —r2p=l — T e 3 —r2p~l — a7 r2e”3 —r2p~1 —p1e73
2 . . 3 2 . 2 .
-7 zyr2e3™ xytes™ xytr2es™ x1e3™"
4pxy 24 + 1 2 Bl -1 24 - 25
—r2p~1 —xyr2e3 —r2p~t — 1z e3 —r2p=l — a7 r2e3 r2p~1 —xie3
—1
_ m P T1p T e TP n
dpry \x14+p  14zp 24+ x1p r2+a7'p
7271'1‘ — 3T 7271'2’ -1 _—357i
™ pe 3 xripe 3 Tripe 3 T, ope 3
4,01'1 —gﬂi B 727\'1' * —2771' B -1 e’ *
x1 + pe” 3 14 z1pe” 3 r2 4+ x1pe” 3 r2+x] pe 3
T gwi 271'i -1 gﬂ'i
™ pe3 x1pes x1pes T, pes
4pzy i 2 + 2. 1 24
x1 + pe3d 1+ z1pe3 r2 4+ 11pe3 r2 4+ ] ped
—gﬂi gﬂi —27\'i 271'1'
™ Tip P ripe 3 n T1pe3 pe 3 pes3
dpry \ 14210 21 +0p

1+ xlpe_%‘”i 142 %W’i 727ri 27”'
1pe3™ @y pe 3T @y pes

1
T x x

+ < ! 81 ) - >+
dpry \r2+x; p T+ T1p

1 —2n ~2n
™ r, pe 3 xripe 3
4px1 | o 1 24 9 —25 +
r“+x, pe 3 re+xipe 3
—1 gﬂi 271'i
™ Ty pes x1pes
4px,

2 2
r2+x;1p€3ﬂ'z 7"2+x1p637”

70



o ( z1p P mpRzip—1) p(2p—x1))

dpry \1+x1p x1+p 1—mip+a3p? 2% —z1p+p?
—1
n m Ty p Tap 4
4 2 o1 2
pT1L \1r°+x] p T+ TIP
—1 —27”2 727”'
™ T, pe 3 ripe 3
+ 4,03}1 2 -1 —gﬂ'i B 2 —Zﬂ'i *
re4x; pe 3 r+xipe 3
1 L gﬂi
™ T, pes T1pe3
+ 4p.’1?1 2 —1 gwi 2 gﬂ'i (89)
re+x, pes r“+xipes
ITI, dy: pole at w = —p.
- [ xyr? oyt xy tr? x1
4px w—xr2+w—x’17w—x*1r2iw—x +
1L 1 1 1 Tlyw=—p
r 2 . 2 . 2 . 2 .
- xir2e 3™ xl_le_:z“ x1_17‘2e_3m rie 3™
4px + B 2. ; +
PTL Ny — qr2e” 37 w—xlle 3™ w— a7 r2e73™  w—xe 3™ wep
[ 2 ST —1 2711 —-1.2 gﬂ'i gﬂ'
—T xrirees T, e3 Ty rees xr1e3
Adpr 2 . 2 _ 2 . 2 . -
POy — 972e3™  w—a7te3™  w—a]'r2e3™  w—xe3™ wep
-7 ,7:17"2 xfl x;1r2 T
= 4 2 + -1 —1_9 +
pry \—p—or P P Xy T —p— T
2 . 2
— 2. 1 —2n - 2 2
-7 x1rle 3™ x] le=3m x] Lp2g—gmi rie” 3™
+ 4pxy _2 + 1 —2n 1o —2mi el I
—p— w1123 —p—x € 3 —p—x; r2e 3™  —p—xie 3"
2 . 2 . 3 2 . 2 .
N -7 x1r2e3™ x] le3m T Lp2e3m z1e3™"
4p$1 o 2 g?ri —1_3mi —1,.9 gﬂ‘i ST
p—xiree —p—x; €3 —p—x; T°€3 —p—x1€3
1
-7 ( n p S T1- p | n
1 —
4pa, ptair®  p+ag pratrr  ptx
-1 _—3mi T
-7 P rye 3 P r1e 3
+ 4p1‘1 —i p—|—m1r2€7%m' B -1 —271-1' 1= —1,.2 i + +
pt+x e 3 p+xree 3 p+x1e 3
_ —1 %wi %71'1
n L p ] e P x1€
dpxy * T or2ed™  p4 g ledm T 1.9 2mi i
p 1 P 1 p+xy red p+ x1e3™"
-1
- T 1 n ryp o xp
dpry \p+x1  zip+1  r24a7lp r24ap
—%Tfi -1 gﬂ'i 271'i
-7 Ti€e 1 Ty pe3 Tpe3
* 4p(E1 727ri B 27‘I’i r2 —|—x71 e%ﬂi B 2 27”' +
p+x1e” 3 1+ z1pe3 1P r2 4+ z1pe3
gﬂi -1 —27”' 25
-7 r1e3 1 x] pe 3 zipe 3™
+ 4px 2.0 _2. + 24 plpe—dm g2 4 —3mi | (90)
p+.%'163 1+$1p€ 3 T :El pe T .I'lpe E
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2 .
—3mi

—T T 1 1 1 x1e x163m
4px +x mp+1 2 7T 2 . 7| T
PL1 P 1 1P 1+"E1p63m 1+{E1p6737m p+$1€737” p+$1€37”
-1
—T T T
+ < ! [11 T2 - )+
dpry \r2 +xp P4 T1p
. 2
—1 T 37
- x e3 xr1pes
+ 4 LP 2 . P 2 . +
PTL A p2 4 7 tpe3™  r2 4 aipe3™
—r (Eilpeigﬂi T pefg‘n'i
! - . (91)

+
4px o1 2 —25
PT1 T2+LL‘1 1,06 3 7’2+l’1p6 37

T 1 1 2—x1p (p—2x1) 21
= - + 2 2 2 2
4px1 \z1p+1 p+z1 1—z1p+27p i —x1p+p
-1
T T T
+ ( e >+
dpry \r*+x1p 2427 p
. 2 .
T T eng [I,'il 657”
n ; 1P — 1 P — |+
PLL A\ 2 +x1pe3™ 2 —|—;1:1_1pe§7”
P $1p67%ﬂ—i "Eilpei%ﬂi
+ - - — 5 (92)
PEL\ 2 4 gy pe” 3™ r2 a7t pe” 3™

7.4 Integration in the radial direction

It remains to combine the appropriate residues and integrate them with respect to r. We will still assume z; < p.

e From 0 to 1:
The part that is integrated without distinction in formula from 0 to 1 we denote

1
/ Io (a1, ;) rdr, (93)

=0

Is (w1, p;7) = #(70) + #(32) + F#(35) + F#(88)-
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We have

1
/ Is (x1,p;7) rdr =

=0

o /1 1 p atp  aytp!
dz1p Jr—o | T1p+1 z14+p r2+mf1p 7’2+xf1p*1
—1 27r'i -1 -1 271'1'
n 1 _ p + z, pes . ® p es
2 “Tm 2 2
pipe 3T 41 TR 2 g BT p2 g gl pm1e™
—1 —27”' -1 —1 —271'71
I 1 _ P + xy pe 3 Ty p e s 4
20 rie3™ 4 12 —1 —2.
z1pe3™ +1 1€ P r2+4+x7 pe” 3 2 +x] ple” 3
- L E
zip+1 p+x
2 . 2 .
1 r1e 37 1 r1e3™
+ P PP 2+
14+ xz1pe3™  pHwxie 3™  x1pe” 3" +1  p+x:13™
. z1p - z7lp!
7’2+l' —1 2 -1 __1
1P etz p
xlpfle—%ﬂi z—lpfle—%wi
1
+ —— - ————+
r2+xp7te” 3™ 24y ple”3™
—1 5™ -1 _—1_37mi
T e3 x e3
+ 19 — — 1P rdr
r2 4+ 31ples™ 2 —1 1 2mi
re4+x; pTres
1
s / 1 n 1 1 p
4r1p Jr=o | T1p+1 wT1p+1 pt+m1 TLHp
1 1 1 1
- e+ — - +
—=mi x1pe3™ + 1 ST —=mi
zipe 3™ +1 1p 1+ z1pe3 zipe 3™ +1
2 . .
p p xle—gﬂ'z 1‘1657”
2 - 214 - 20 7 -+
zie 3™ 4 p T3 AP prIIETS p+x1e3™
ity atp! N zp™t wtpT!
r2tartp r2aaptptt ot daptt e gaytpd
1 i ~1, 2 —1,27i 1 —2mi
x,pe 3 T, pes Tr1p "es r1p e 3
. 2 -+ . 2. st 2.t
r24+ay pe 3™ rZ4a] pe3™ 24 xip7ted™  r24aple” 3™
2 . 2 . 2 . 2 .
xl—lpfle—gﬂl zl—lpfleng Il—lpfle—gﬂ'z xl—lpflegﬂl

3 2 3 3
T2+.’17171p_16737” r2+xf1p—163m T2+l‘171p_1673m 7“2—&-95171,0—1637”
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rdr



Y 2 2 2
= + — + - —3+
r=0

: 2
dzp mptl gy zipe” 3™ 14 x10e3™
zi'p ap™t o apT!
r2+atp  r24ap! r2 +aytp !
2 . 2 . 2
-1 —5mi -1 3w —1, 27 1 —5m
T e 3 x e3 x es T e 3
+ L 5 T Lr 2 L 7 T L 7+
2+ xtpe” 3™ 2 partpes™  r24xipled™ 24 aplem3™
2 . 2
-1 —1,_—3mt —1 —1 _37mt
z e 3 T e3
2 L P 2 L P s— | rdr
r2 47 ple 3™ r24xy p~les™
T 2 2 2
= + + ~3+

7 3
8z1p | @1p+1 14+ xpe” 3™ 1+ xz1pe3™

_ 1+a7! _ 14+21p7! 1 _ 1+a7ip?
+ 3 1me (_11/)) +z1p Ln (1p1> — 2z 1p Tn (_11/)1 +
Typ Lip -

2 . 2 .
—1 _gﬂz 9 . —1 ng
L4z, pe —|—3:1_1p€§an L+x, pe

2 .

—1 — 37
+x1 pe oo —1 727ri —1 gwi

zy pe 3 xypes

2 . 2

1 2. 14+z1p te3™ L2 14+zp e 3™
+ap te3™n [ ———— | +z1p e 3" In | ————— | +
z1p~tes™ T1p " te 3™

—1 1 —gﬁi —1 1 gﬂ'i
14+x] p e 3 1427 pes

-1 -1 —271'2' 1 -1 gTri
—2z] p e 3" In — 2z p "e3"’Ln

xflp_le_gm- xl—lp_le%m‘
2 2
oo 1—x1p 1—x1pe 3™ N 1—x1pe3™
= 2 2
8rap \ 14mp g xipe 3™ 14 xz1pe3™

+ 27 pln (1+ xlpfl) +x1p 'Ln (1+ x;lp) — 227 n (1 + 21 p) +

-1 —gwi -1 gwi -1 gﬂi —1 —zﬂ’i
+x7 pe 3" Ln(1+x1p €3 +x; pe3In(1+z1p € 3 +

-1 2Tri —1 —27ri -1 —g‘n'i —1 27ri
4+ z1p €3V Ln(1+x] pe 3 +z1p e 3% LIn |14z ped +

1 1 —2mi 25 11 2 25
— 2z p e 3" In (14 21pe3™ | =227 p~ e3™Ln ( 1+ z1pe” 3™ (94)
e From 0 to p:
The part that is